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Mathematics is such a vast and rapidly expanding field of study that there arc 
inevitably many important and fascinating aspects of the subject which do not find 
a place in the curriculum simply because of lack of time, even though they arc well 
within the grasp of secondary school studenu. 

Some dasses and many individual students, however, may find time to punue 
mathematical topics of special interest to them. The School Mathematics Study 
Group is preparing pamphlets designed to make material for such study readily 
accessible. Some of the pamphlets deal with material found in the regular curric- 
ulum but in a more extended manner or from a novel point of view. Others deal 
with topics not usually found at all in the standard curriculum. 

This particular series of pamphlets, the Reprint Series, makes available ex- 
pository ardcles which appeared in a variety of mathematical periodicals. Even if 
the periodicals were available to all schools, there is convenience in having articles 
on one topic collected and reprinted as is done here. 

This scries was prepared for the Panel on Supplemcnury Publications by 
Professor William L. Schaaf. His judgment, background, bibliographic skills, and 
editorial efficiency were major factors in the design and successful completion of 
the pamphlets. 
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PREFACE 



A nouble characteristic of the devtlopnieni of mathematics in the 
twentieth century is the amazingly large number of able minds that have 
contributed to the proliferating aciiievements of these eventful yean. 
The names of many persons readily spring to mind: P Alexandroff E 
Artin S Banach. G. D. Birkoff. L. E. J. Brouwer. R. Courant. 1. Doug- 
las. S. Eilenberg. R Erdds. VV. Keller. A. Gelfond. K. Godel. J. Hadamard. 
G Hardy. D. Hilbert. E. Hille, A. Kolinogorov. H. Ix-bcscjue. S. Lef- 
schctz. H. Poincare. L. Pontrjagin. W. V Quine. B. Russell. W. Sicrpiri 
ski. H. Stemhaus. A. Tarski. B. L. Van der Waerden, I. M. Vinogradov. 
H. Wcyl. N. Wiener: the list could readily be extended to many times 
Its length. 

On what basis, then, might one select a mere handful of names to be 
encompassed within the few pages of a slender pamphlet without doing 
an injustice, by implication, to literally scores of other ecjually illustri 
ous mathematicians? For one thing, many of these distinguished mathe- 
maticians are still living. For another, only a few have become more or 
l«s well known to the general public either through books written by 
them or about them, as for example. Bertrand Russell and Norbcrt Wie- 
ner. All of which still leaves one in a quandary. Vet a choice had to be 
made. The s'.x individuals selected represent marked contrasts in more 
ways than one. Three of them began their careers under adverse circum- 
stances; the others enjoyed certain advantages. Mosiof them are all but 
unknown to the average layman. With some exceptions, their major in- 
terests in mathematics lay in fields that are widely apart. Hut let these 
thumbnail sketches speak for themselves. 

-William L. Schaaf 
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FOREWORD 



It may be debatable that Ramanujan was one of the most extraordi- 
nary mathematicians of our time, as has been claimed. It would perhaps 
be more accurate to describe him as a particular kind of mathematician, 
by which we mean that his creative capacities and interests were limited 
to a particular field, to wit, the theory of numbers. He had no concern 
whatever for geometry; he was not at all interested in mathematical 
physics, or for that matter, any aspect of applied mathematics; he did 
not embrace the broad sweep of mathematics as did Gauss or Poincarc or 
Hilbert. 

This, however, in no way belittles his remarkable achievement and 
contributions in his chosen field. The manel is that despite a limited 
formal education and poor circumstances he rose to such heights as he 
he did in so short a lifetime. He was preeminently a mathematician's 
mathematician, even as was his friend and mentor, the late G. H. Hardy, 
if Cambridge University, himself a distinguished authority in the 
theory of numbers. 

The interested reader will find it most stimulating to read the article 
on "Srinivasa Ramanujan" in James Newman's The World of Mathe- 
matics, volume 1 , page S68 ff. And %v hile he is about it, he will find G. H. 
Hardy's essay, ^ Mathematician s Apology, unforgettably charming. 
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Srinivasa Ramanujan 

A BIOGRAPHICAL SKETCH 
Julitis Sumner Miller 

"I remember once going to see him when he was lying i!I at Putney. I Sad rid- 
den in taxi eab No. 1729, and remarked that the number seemed to n." rither a 
dull one, and that I hoped it was not an unfavorable omen. 'No,' he rcpikd, 'it is 
a very interesting number: it is the smallest number expressible as a sum of two 
cubes in two di^rent ways: I asked him, naturally, whether he knew the answer to 
the ccxresponding problem for fourth powers; and he replied after a moment's 
thought, that he could see no obvious example, and thought that the Brst such 
number must be very large!' Eukr gave l58«-f 59*=133«-flS4« as an example.) 

Thus docs Professor G. H. Hardy report on an incident with Ramanu- 
jan. 

Srinivasa Iyengar Ramanuja Iyengar, to give him his proper name, 
was one of the most remarkable mathematical geniuses of all time. This 
is especially true when the circumstances of his birth and life are inti- 
mately considered. It is difficult, indeed, for the student of the history 
of science to e.ncounter a more astonishing biography. As Einstein so 
classically puts it: "Nature scatters her common wares with a lavish hand 
but the choice sort she produces but seldom!' We will see, in this sketch, 
how clcMely this borders on a miracle. 

Ramanujan, as he is commonly known, was born of a Brahmin family 
in the ever-so-present poverty that abounds in India. His ancestry, it 
appears, contributed nothing noteworthy to his' great gifts. His mother 
was a woman of strong character. In accordance with custom her father 
prayed to the famous goddess Namagiri to bless her with children, and 
on December 22. 1$87, this son was iKjrn. He started school at five. His 
early years showed no unusual signs of his special abilities although he 
was remarkably quiet and meditative, and he led his class. While in the 
"second form" he expressed a curiosity about the "highest truth in 
Mathematics!' In the "third form" he was taught that any quantity di- 
vided by itself was unity whereupon he asked if zero divided by zero was 
also equal to unity! While in the "fourth form" he studied trigonometry 
and solved all the problems in the text without any aid whatsoever. In 
the "fifth form" he obtained unaided Euler's Theorems for the sine and 
ct»ine. When he found that these were already proved he hid his papers 
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in the nmi of his house. While in the ' sixth form" he borrowed Carr's 
Synapsis of Pure Mathematics and this book appears to ha\e awakened 
his genius. He took great delight in verifyitig all the formulae therein 
and since he had no aid whatsoever, each solution was original research. 
He entertained his friends with recitation of formulae and theorems and 
demonstrated his remarkable memory by repeating values of pi and e to 
any number of decimal places. In every respect, however, he was utterly 
simple in his habits and unassuming. 

He t(x>k up Geometry a little and by sfiuaring the circle" approxi- 
mated the earth's circumference with an error of only a few leet. The 
scope of (ieomctry being limited in his judgment, he concerned himself 
with .Mgebra and obtained several new series. He said of himself thai the 
goddess of Xaniakkal inspired him in his dreams and the remarkable 
fact is that on rising from l>ed he would at once write down results al- 
though he was not able to supply a rigorous proof. These results he col- 
lected in a notelMX)k which he later showed to mathematicians. 

Iti December 1903 (he was now only 16) he matriculated at the Tni- 
versity of Madras and in ll»H won the ' Junior Subrahmanyam Scholar- 
ship" at the Ciovernment College in Kumbakonam. this being awarded 
for proficiency in English and Mathematics. His absorption in mathe- 
matics, however, which was no less than devotion, led him to neglect his 
other work, and he failed to secure promotion. Indeed, he could be 
found engaged in some mathematical incjuiry quite unmindful of what 
was liap|H.ning in the class, whether it be English or History or anything 
else. For the next few years he pursued independent work in mathe- 
matics "jottifig down his results in two good-sized notebfK>ks!' In the 
summer of 1909 he married. His greatest need was employment and this 
was a difficult matter for his family was poor, his college career a dismal 
failure, and he himself without influence. 

In search of some means of livelihood he went, in 1910. to sec one Mr, 
V{ Ramaswanii .-^iyar. the founder of the Indian Mathematical Society. 
Aiyar. himself a mathematician of first order, found Ramanujan's note- 
Iwxiks remarkable and knew at once that this man possessed wonderful 
gifts. Accordingly, it was arranged that this unusual genius meet one 
Ramachatidra Rao. a "true lover of mathematics!' and a man in position 
to assist him. In Decetnber of 1910 Rao interviewed Ramanujan and 
Rao's own re|K)rt of this meeting is a classic: 

"... a lu'phcw of mine perfectly innotent o£ mathematita! knowk'tlge Mid to 
mc. 'rmle. I h.ivp a viiitor who talks of mathcmntics; I tlo not undiM-Htand him: 
ran voii if there is anything in his talk?' .And in the picntitiide of my maihc- 
maiital u'lMlom I cundeMendetl to {jermit Ramanujan to walk into my prf<»fnte. 
.\ short iint outh figure, stout, unshavcd, not oven lean, with one tonspituoiiii U n- 
mre NhiniuR cyes-walked in with a frayed notefKxilt under his arm. Ht- was 
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intsenibly jKxir. Ik* had run away from Kiiinbakcmuin to ^vi It isiire hi \f.'uh;is to 
pill sue iu% studies. He never travcd for any clisiiiu tion. He uaiuecl h isuie; in 
other word!*, that simple food Jihould be provided for him without exeriion on 
Im \mt and that he »houh! be allowed to dream on. 

**He otjened his book and bc^ati to explain some ot his discoveries, I s;i\v tpiiie 
21 onie that there was MHiielhin^ out of the way; but my knowledge did not pniuii 
me to judge whether he talked sense or nonsense, SusiK-nding judgment. I asked 
him to roiiie over again, and he did. And then he had gauged my ignorant e and 
shtiwei! me some nl his simpler resuhs. These transcended existing Inniks .utd i 
had no doubt that he was a remarkable man. Then. Mep by step, he led me ifi 
dlijitic integrals and hypcrgeometrii series and at last his theory of divergent 
scTies not set announced to tlie wcnld converted me. 1 asked him what he wanted. 
He %ak\ he wanted a pittance to live cm so that he might pursue his researches!* 

With all s|>ccd Rao sent Raniaiiujan back to Madras saying that it was 
cruel to make an intellectual giant like him rot away in obscurity, and he 
undertook to pay his expenses for a time. Since he was not hapj>y benig 
a burden to anybody for long, he took a small job in the Maclras Port 
Trust office. 

In the meanwhile his mathematical work was not slackened and dur- 
ing these years (191 1^1912) he made his first contributions to the jour- 
nal of the Indian Mathematical ScKriety. His first long article was on 
"Sofue properties of Rernouili s Numbers * and he contributed also a 
mnnber of cpiesiions for soluticm. Mr, P. V Heshu Aiyar, through whom 
Ramanujan's papers were cofnmunicatcd, describes the work thus: 

'*Ramanu{an\ methcxis were so terse and novel and his presentaticm \v;is sci Lick- 
ing in clearness and precision, that the ordinary re.ider. unaccustomecl to such 
intellectual gsnmastics. could hardly follow him!' 

Hav g thus gained a little recogniticm he lell heir to every encour- 
agement and was thus brought to ccmmiunicate with Professor (i. H. 
ffardy. then Fellow oi 1 rinity College. Cambridge. His first letter to 
Hardy bears nmre elocpience than is reascmable to ex|>ect of him and. 
indeed. Hardy did not believe that his letters were entirely his own. In 
this ccmnection Hardy said: "I do tiot believe that his letters were en- 
tirely his own. His knowledge of English, at that stage of his life, could 
scarcely have htxn sufficient, and there is an cKcasional phrase which is 
hardly characteristic. Indeed I seem in remetnber his telling me that his 
friends bad given him some assistance. However, it was the mathematics 
that mattered, and that was very emphatically his!' His first connnun- 
ication to Hardy is a classic worth reciting: 

*i)ear Sir Nfadras, Irtih January, 191 S 

"1 iK'g in inlMKhue m%st»|f to you as a clerk in ihe Auounfs Deparfniem of the 
Port Trust Office at Madras on a salary ol onh 120 jK*i annum. I am now about 
23 years of age. I have had no University f*(hHaricm hut I have unclergcine the 
ordinarv sch<K>l cfmrsi-. After leaving school f have beef) implovin^ the sp.tie lime 
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31 my disjx^val to work at Mailiematirs. I liave not trodden throuRh tlie conven- 
tional reKular course which is followed in a Unhi-rMty course, but 1 am striking 
out a new path for myself. I have made a sfXH ial investigation oi divergent series in 
general and the results I get are termed by the hxal mathematicians as 'startling:" 
(He protcnhls to discuss his interpretations of a certain integral and says) 
••My friends who have gone through the regular course of IJniversitv eilucation 
tell me that tfie integral is true only when n is positive. Thev say that this integral 

relation is not true when w is n^ativc I have gi%en meaning to these integrals 

and under the conditions I state the integral is true for all values of n negative and 
fractional. My whole investigations are based u|x)n this ami I Jiave Ixren develop- 
ing this to a remarkable extent so much so Uiat the local mathematicians are not 
able to understand me in my higher Hights. 

"Very recently I came across a tract published by you styled Orders of Infinity 
in page Sfi of which I find a statement that no dehnite expression has l>ecn as yet 
found for the numlKT of prime numbers less than any given number* I have found 
an expression which very nearly approximates to the real result, the error being 
negligible. I woidd request you to go through the enclosed pafx-rs. Being pcKir, 
if you are convinced that there is anything of value I would like to have my 
tlieorems published. I have not given tlie actual investigations nor the expressions 
that I get but I have indicated the lines on which I proceed* Being inexj>erienced 
I would very highly value any advice you give me. Requesting to be excused for 
the trouble I give you. 

I remain. Dear .Sir, Yours truly, 

S. Ramantijan" 

The papers he cnclcscd contained a hundred or more mathematical 
theorems. Scmic of his proofs were invalid for. after all. he was ignorant 
of very much of modern mathematics. He knew little or nothlnf^ of the 
theory of fimetions of a complex variable. He disregarded the precepts 
of the Analytic 7^heory of Numbers, His hidian work on primes was 
definitely wrong. Rut Hardy puts it beautifully: 

'•.And yet I am not sure that, in some ways, tiis failure was not more wonderful 
ihan any of his triumphs!' (He had none of the mcxfern weapons at his command.) 
•*He ha«l never seen a French or German book; his knowledge even of English 
was insuffic ient to enable him to qualify for a degree. It is sufficiently marvelous 
tiuit he should liave even dreamt of problems such as these, problems which it has 
taken the finest mathematicians in Euro|>e a hundred years to solve, and of which 
the solution is incomplete to the present day!* 

In his second letter to Hardy he wrote as follows: 

"... I have found a friend in you who views my lalK)urs sympathetically. I his 
is already some encouragement to me to proce^l!' (Follows a comment on an in- 
finite series.) **If I tell you this you will at once point out tome the lunatic asylum 

a* my goal What I tell you is this. Verify the results I give and if they agic*e 

with your restdts . . . you should at least grant that there may be some triifhs in 
my fundamental basis. , . , 

*nb preserve my brains I want focxi and this is now my first consideruuon. 
Any sympathetic letter from yon will be helpful to me here to get a scholarship 
either from the University or from Government. ..." 
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Hardy sensed at once that here was a inalheinatician of the very high- 
est class and he proceeded at once to arrange lor Raman ujati to come to 
England. 7'he Indian*s caste prejudices, however, were very strong, and 
he declined to go. This was a heavy disappointment to Hardy. Alter 
many jxrrsiiasive letters and the influence of Indian friends Ranianujan 
had almost made up his mind to go bui a new difficulty arose. His mother 
would not consent. This was overcome by a most unusual episode. His 
mother suddenly announced that she had a dream in which she saw her 
son seated in a big hall amidst a group of im|K)rtant Europeans, -md 
tliat the goddess Xamagiri, who had blessed her with this son, had com- 
manded her not to stand in his way. At this time another Fellow of I rin- 
ity, Mr. E. H. Neville, who was delivering a course of lectures at Madras 
and who was acting as an ambassador lor Hardy in urging Kamaniijan 
to come to England, wrote a note to the authorities at the University of 
Madras: 

"The distovevy of ihe genius of S. Ranianujan of Madras promisees to be the 
most interesiinj; event of our time in the niaihcmatical world. . . . rhc inif>orrancc 
of securing lo Ranianujan a training in the refincnicnls of mmlern metluxls and 
a conflict with men who know what ranges of ideas have been explored and %vhat 
have not cannot be overestimated. . . . 

"I see no reason to doubt tiiat Ranianujan hiniHeli will resjxnui fully to the 
stimulus whidt roniatt with western niathcmaiics of the higlie^t class will MUml 
him. In that case his name will bi rome <me of the greatest in the history of mathe- 
matic H and the I university and the City of Madras will Ik* proud to have assisted 
in his passage from obsc urity to fame!' 

I he University authorities at Madras approved a grant, good in Eng- 
land for two years, with passage and a sum for outfitting hini. Of this 
Ranianujan arranged to have a certain portion allotted to the sup|K)rt 
of his family in India. He sailed for England on March 17. 1914. being 
then 27 years of age. In April he was admitted to Frinity College where 
his grant was supplemented. For the lirst time in his life he w^as free of 
anxiety and certain of food, clothing and lodging. His re(juirenients 
were so painfully simple that out of the scholarship monies he was able 
to save a goodly hit. Indrecl, Professor Hardy describes his tastes as "lu- 
dicrously simple!* 

Now w iih Ranianujan aniong them the British mathematicians foimd 
themselves in a very certain dilemma. His knowledge of modern malhe- 
tnatics, of what had been explored in the mathematical world, was 
limited beytmd Ijelief. Indeed, " I he Hmitatiuns of his knowledge were 
as startling as its profundity. Here was a man who could %vork out modu- 
lar etpiations. and theorems of complex multiplication, to orders un- 
heard of, whose mastery of continued frnctjcms was, on the formal side 
at any rate. In-yond that of any nnithematician in the world, who h;id 
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found for himseli the functional etjuation oi the Zeta-function. and the 
dominant tcnns of many of the most famous problems in the analytic 
theory of numbers; and he had ne\er heard of a doubly periodic func- 
tion or of Cauchy's theorem, and had indeed but the vaguest idea of 
%vhat a function of a complex variable rvas. His ideas as to what consti- 
tiited a mathematical proof were of the most shadowy description. Ail 
his results, new or old. right or wrong, had been arrived at by a process 
of mingled argument, intuition, and induction, of which he was entirely 
unable to give any coherent account. 

"It w s impossible to ask such a man to submit to systematic instruc- 
tion, to try to learn mathematics from the beginning once more. I was 
afraid, too, that if I insisted unduly on matters which Ramanujan found 
irksome, I might destroy his confidence or break the spell of his inspira- 
tion. On the other hand there were things of which it was impossible 
that he should remain in ignorance, . , , So I had to try to teach him, and 
in a measure I succeeded, though obviously I learnt from him much 
more than he learnt from me. In a few years' time he had a very tolerable 
knowledge of the theory of functions and the analytic theory of innn- 
Ixfrs. He wa« never a mathematician of the modern sch(K)l, and it was 
hardly desirable that he should become one: but he knew when he had 
proved a theorem and when he had not. And his flow of original ideas 
shewed no symptom of abatement!' 

Everything went well until the spring of 1917. Ramanujan published 
his pa|>ers in the English and Eurojx'an journals. All re|>orts of him 
carried the highest praise. Mr, Hardy's re}K>rt is particularly tine: 

*'R.imanujan has \ycvn imuh hanilicipjKHl by the war Mr. LinlcwcKHl, who 
would naturally have shared his teat hing with nu\ hns hvvu away, and one tea( her 
is not enough [or no ttTfilc a jnipiL . . . He is beyond question the bvsi Indian 
niatlicmatuian of mcxUTn times. ...He wiil always bv rather eccentric in his 
c lioicc ot subjects and nielhcKls of dealing with them. . . But of his extraordinary 
gilfs there (an Ik- no fjuestion; isi some wavs he is the most remarkable niathe^ 
matit -an I ha\'e ever known!' 

In the spring of 1917 Ramanujan showed signs of bring not well. Since 
return to India was out of the (juestion. sea travel was dangerous and 
tneciieal men in India were scarce, he was placed in a sanatorimn. From 
this time on he was never out of bed for any length of time again. He 
recovered slightly and two years later sailed for liome. The climate of 
England did not lend itself to his stamina in the first place nor was it 
condutive to his recovery after he showed positive evidence of Ix'ing tu- 
IxTcular. 

While in England he was elected a F^cllow of the Royal S(k tety. thus 
being the first Indian on whom the hotior was conferred. His age was 
.10. This together with the fact thai he %vas elected the very first titne his 



name was proposed is a tribute of first magnitude to his remarkable 
genius. This honor appears to have incited him to further production 
for it was during these days that he discovered some of his most beautiful 
theorems. In that same year he was elected a Fellow of Trinity College, 
a prize fellowship worth some 250 pounds a year for six years, with no 
duties and no conditions. At this time Hardy wrote to the University of 
Madras as follows: 

"He win return to India with a stientific standing and reputation such as no 
Indian has enjoyed before, and I am confident that India will regard him as the 
treasure he is!' 

In honor of Ramanujan's contributions to Mathematics the Univer- 
sity of Madras made a further grant of 250 pounds a year for five years 
as well as covering travel between England and India as he chose. But 
Raman ujan was a sick man and of his election to these honors Hardy 
said "and each of these famous societies may well congratulate them- 
selves that they recognized his claims before it was too late." 

Having returned to India he was put in the best medical care and 
many persons contributed to his support. One Indian gentleman 
covered his entire expenses, another gave him a house free. But these 
ser\'ed him not too well. On April 26. 1920. just about a year after his 
return to India, he died. He left no children. Only his parents and his 
wife survived him. 

Regarding his appearance and personality, "before his illness he was 
inclined to stoutiiess; he was of moderate height (5 feet 5 inches); and 
had a big head with a large forehead and long wavy dark hair. His most 
remarkable feature was his sharp and bright dark eyes. ... On his return 
from England he was very thin and emaciated and had grown very pale. 
He looked as if racked with pain. But his intellect was undimmed, and 
till about four days before he died he was engaged in work. All his work 
on mock theta functions.' of which only rough indications survive, was 
done on his deathbed." 

Ramanujan had very definite religious views and adhered even in 
England with unusual severity to the religious observances of his caste. 
He believed in the existence of a Supreme Being and possessed settled 
convictions about life and life-hereafter. "Even the certain approach of 
death did not unsettle his faculties or spirits ..." Hardy relates: "... 
and I remember well his telling me (much to my surprise) that all re- 
ligions seemed to him more or less equally true." 

In his manner he was utterly simple and without conceit. Of these 
characteristics Hardy wrote: "His natural simplicity has never been af- 
fected in the least by his success." That he possessed a charitable heart 
is beautifully illustrated in this letter: 
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University of Madras. 
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I feel, however, that, after my return to India, which I e\{K-ci to ha}i|xn as soon 
as arrangements can be made, the total amount of numey to which I shall be 
entitleil will be much more than I sliall require, should hope that, after my 
expenses in England have been paid, L5U a year will Ix? paid to my parents and 
that the surplus, after my necessary exjienses are met, should be ustd for some 
educational purpose, such in particular as the reduction of school fec^ for |K>or 
boys and orpnans and provisions of books in schools. No doubt, it will 1^ {possible 
to make an arrangement about this after my return. 

I feel very sorry that, as I have noi been well, I have not Ix'en able to do so much 
mathematics during the last two years as before. 1 ho{x' that I ^hall soon l>e able 



It remains finally to give some estimate of Ramanujan's mathematics. 
For this the only sensible and proper source is Professor Hardy's account 
for all of Ramanujan's manuscripts passed through his hands. Hardy 
edited all of them and rewrote the earlier ones completely. In some he 
collaborated. In this connection Hardy writes: '*Ramanujan was almost 
absurdly scruptiloits in his desire to acknowledge the slightest help!* It 
is obviously impossible to give a value in the pro{>er sense to Ramanu- 
jan's mathematics: all we can do is cjtiote freely from Hardy's own re- 
marks. 

"... Some of it is very intimately (onncc ted with my own. and my verdic t could 
not he impartial; there is much too that I am f>ardly c()ni{>ercnt lo juclge, . . . 

"... But there is much that is new, and in panic ular a very striking series of 
algebraic approximations to r- I may mention only the formula 



correct to 0 and 8 places of dcismals rcs|xHtively!' 

'* . . .but the elementary analysis of Miighly (omposiir' numbns - nunihtMs 
which iiave more divisors than any preceding nuniber — is nuist remarkable, and 
shews very clearly Ramanujan's extraordinary ntastery cncr ihv algebra of in- 
equalities, . , . " 

" . They contain, in particular, very original and imjiortant cc>ntril)ntions lo 
the theory of the representation c^f numbers by sums of scjuares!* 

"... But I am inclined io think that it was the theory of partitions, and the 
allied {>arts of the theories of elliptic functions and continued fractions, that 
Ramanujan shews at his very best!* 

"It would Ix? diffu ult to find more l>eautiful formulae than the ^Rogers Raninnu- 
jan* identities. ..." 
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"He had, of course, an extraordinary memory. He couhl remember the idio- 
synrrat iefi of numfjers in an almost untanny way. h was \fi. IJttlcwootl (I lx?Iieve) 
who remarked that 'every jxisitive integer was one ol his jKi iKinal friends: " 
"His meinory. and his ,x)uers of cahulatirm. were very unusual:' 
"It was his insight into algfbraiial formulae. transform:ai<ms of infiniiL' series, 
and M> forth, tliat was most ama/ing. On this side most ceriainlv I have never 
met his equal, and I ran compare him only with Fulcr or Jacohi. ffe worked, 
far more than the majority of motlcrn mathematicians, bv indunion from nimieri- 
cal examples!' 

"But with ins memory, his patienie, and his jxjwer of talrulation, he tomliinetl 
a power of generalization, a feeling for form, and a lapacitv for rapid motlification 
of his hytxjtlieses. tliat were often reallv startling, anil made him, in his own i)e- 
culiar field, without a rival in his day!' 

"Opinions may differ as to the imiKirtaiue of Ramanujan s work, tiie kind of 
standard by whicli it should judged, ami the influence which it is likely toJwive 
on the matliematics of the future. It has not the simplicity and the inevitableness 
of the very gieatest work; it yvould lie greater if it were le.vs strange. One gift it 
has which no one ran deny, profound and invincible originality. He would prob- 
ably have fwen a gieater mathematician if he had Ix-en caught and tamed a little 
in his youth: he would itave disrovcred more that was new, and that, no doubt, 
of greater importance. On the other hand he wcjuld have liecn less of a Ranianu- 
jan. and more of a F.urojK-an jmifessor, and the loss might iiave been greater than 
the gain!' 

Note: This sketch borrows with obvious freedom iroin Collected 
Papers of Sriniimn Ramanujan, Edited by G. H. Hardy, R V Seshii 
Aiyar.aiid H. M. Wilson. Cambridge University Press 1927. Any attempt 
to paraphrase the elo<jue!ice of their recitation would border on ridicu- 
lous vanity! JSM 
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FOREWORD 

Most great contributions in mathematics and science are built upon 
the achievements of one's predecessors. This is eminently true of Ein- 
stein's theory of relativity. Had it not been for the development of 
Minkowski's four-dimensional geomerry, the mathematical basis for rel- 
ativity theory, would at least in part, have been impossible. 

Minkowski is also to be credited with equally significant contributions 
ro the theory of numbers. He was especially ingenious in interpreting 
arithmetical problems geometrically, a procedure which often afforded 
unexpected insight into analytical processes. 

Today the geometry of numbers, created virtually by Minkowski alone, 
has expanded into a highly significant branch of mathematics. As in the 
case of many profound and difficult fields of mathematics, it is not al- 
ways easy to convey the essence of a particular discipline in brief. Num- 
ber theory is no exception. One of the basic principles, which, according 
to E. T Bell, is so simple and obvious as to appear ridiculous, is the fol- 
lowing: if (n + 1) things are stored in n boxes, and no box is empty, 
then exactly one of the boxes must contain two things. This principle 
of geometrizcd arithmetic can be applied to a tricky puzzle perpetrated 
by some wag: What are the necessary and sufficient conditions that there 
shall be at least two human beings in the world with the same number 
of hairs on their heads? 
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A Sad Anniversary 

/. Malkin 



January 12 of 1909 was a tragic day in the history of Mathtinatical 
Sciences: on that day Hermann Minkowski, one of the great mathema- 
ticians of his time, died at the age of 44 at the peak of a brilliant scientific 
career. 

For those who know little of this great man of science, the following 
short biographical sketch might be of interest [an extensive biography 
of Hermann Minkowski will be found in the first volume of his "Gesam- 
mclte Abhandlungen" edited by his close friend and colleague, the 
celebrated David Hilbert (1862-194S) of the Department of Mathe- 
matics, University of Goettingen, and published by B. G. Teubncr in 
Leipzig, Germany]. 

Hermann Minkowski was bom on June 22, 1864, in a Jewish family in 
Russia [Hilbert mentions "Alexoten (perhaps Alexotin? I. M.) in Rus- 
sia" as the birthplace, but this writer must confess that a place of this 
name is not known to him]. He was brought to Germany as a child and 
there at the age of 8 he entered the Altsuedtisches Gymnasium (high 
school) of Koenigsberg in Prussia. His extraordinary abilities made it 
necessary for the teachers to transfer him from one class to another at an 
accelerated tempo, and so it happened that at the age of 15 he already 
obtained his graduation certificate, whereupon he immediately started 
his studies at the University of Koenigsberg. He graduated from the Uni- 
versity of Berlin with a Ph.D. at the age of 19. 

In April 1881 the Academy of Sciences of Paris j>osed the problem 
of resolving integer numbers into a sum of five squares. On May 30, 
1882. Minkowski submitted a solution to the Academy, which was a 
most startling achievement. It went far beyond the scope of the problem 
and constituted an outstanding contribution to the theory of numbers. 
No wonder that it produced a veritable sensation at the Academy. The 
eighteen-year-old scientist was awarded the "Grand Prix des Sciences 
Mathematiques." Some of the Paris newspapers were protesting vigor- 
ously against the decision of the Academy, because Minkowski had 
submitted his work in German, which was in contradiction with the 
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regulations^ of the Academy. I'hv protest was. however. Iriiitless because 
the contribution was iound to be too ini]K)rtant to |icriiut paying at- 
tention to the question oi language. Such great men of Frencli inathe- 
malics as Camille Jordan (1838-1922), Joseph Ikitrand (1822-HMHI), 
and particularly Charles Hermilc (1822-1901) were supporting Min 
kowski with all the weight ol their authority. " I ravaille/, jc vous prie, 
a devenir un geonietre eminent" ("Please, keep working, in order to 
become an eminent mathematician**). Camille Jiirdan wrote to him. 
Highly interesting is a letter ol Charles Hermite to the young genius: 
. . At the first glance I recognized that you went far lK*yond my inves- 
tigations and that you have discovered for us entirely new ways. ... I am 
full of astcmishment and joy at your results and methods. Vou are so 
kind as to call my old research works a )M>int of departure for your mag- 
nihcent contribution, but you have left them s«) far behind yourself 
that they cannot claim now any other merits but to have suggested to 
you the direction in which you have chosen to prcKced!* 

The mathematical interests of Minkowski were not confined to a par 
ricular narrow field: during the years 1 884- 1 892 he was working, to- 
gether with his colleagues Adolf Hurwit/ (1859-1919) and David 
Hilberi. very intensively in a great variety of mathematical sciences, 
inc hiding mathematical physics, I he great man of experimental physics. 
Heinrich Hertz (1857-1894). the discoverer of Mie identity of the elcc^ 
tromagnctic and the light waves. tcKik him as his assistant to the Univer- 
sity of lionn. and later Minkowski once stated that |>erhaps he would 
have become a physicist, if Hcrt/ would have lived longer. Some of Min- 
kowski's publications deal with problems of mathematical physics, as we 
presently shall see. 

An important later |>eriod of his scientific, especially j>edag€)gic activi- 
ties is doseiy linked with his work at the Institute of leclinology of 
Zuridi. Switzerland. In connection with some contributions to the En- 
cyclopaedia of Mathematical Sciences his classes in pure malheniatics 
were amplified sometimes by lectures in s|3ecial domains of mathemati- 
cal physics. I hese latter lectures won him the admiration of a young 
student by the name of .Albert Einstein. 

Mitikowski is popularly known for his contributions to three fields: 
(i) thet)ry of numbers, as already implied in the above account of his 
most outstanding success of 1882-^83 in Paris: (2) geometry, as the inter- 
ested reader will convince himself by a study of the well-known text- 
books of VVillulm Ulaschke. published by Julius Springer in Ikrlin, 
Germany: (S) theory of relativity, to which he completed an itivesti- 
gation of fimdamental importance shortly before his death. He dealt 
with the subject in his last public ap|>earance. which t(K>k place on Scp- 
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leniber 21, 1908. in Koelin (Cologne), Germany. Studtiiis ni relativity 
know well the monograph entitled "Das Relativitactsprinzip" bv H. A. 
Lorenlz (1853-1928). A. Einstein and H. Minkowski, rht- ini|«>rtaiKc 
of Minkowski's contribution to the theory of relativity is tharattcrized 
by Einstein in the following statement: "()hneden withtigcn Ck'danken 
Minkowskis waere die allgemeine Relativitaets-theory vielleiclu in den 
Widein stecken geblieben" (Without the im{>ortant ideas of Min- 
kowski the generalized theory of relativity perhaps would still be in iis 
infancy"). 

At the time of his death Minkowski was Professor at the faiiunis De- 
partment of Mathematics of the Ihiiversity of Gocttingen. 

We conclude this short biographical sketch by reporting here a detail 
which is very typical of the purely human aspects of Minkowski's char- 
acter. Already during the fust semester at the University he was awarded 
a money prize for the solution of a prize problem in mathematics. He 
withdrew his claims to the money in favor of a needy colleague, and his 
relatives never heard anything abfuit his first acadeiinc success. 

His thoughts and ideas were devoted to science almost to his very 
end. His death, caused by appendicitis, could not be averted by a be- 
lated operation. 

Hermann Minkowski deserves our deep admiration as a great and 
kind-hearted man {)f science. His name will be honored forever in the 
history of mathematics. 

M rERA I lIRE rsEU 

I. Hrllr /ril Itunkle 7e'u, in iniinoriaiii AIImti F.imttiii. j nillrdiiiii of aiiichfi tililid hy 
Carl SrrliR ati<! pub!i«hc(l by Eiiiupj Wrlag. /iiiiih. StimBaii, Wicii; printiil in /uiich Swjt/ir- 
Uml. I9rj«. ^ 

'I. Hrrmann Mnikowski, (.fsammelle Ahliuttdluttgru, nUutl h\ Havid Hillft-it. puhlishr«l by 
B. U'ubner. l-pipti^. Gcrnianv. in I'.Ul. 

S. PhtUpp Frank. Einstein, His I.iff ami limrs, Alfrtt! Knnpf, .Vt-w York. VMl. Ktiiiurk: 
U inu« be aiiniittnl that thru- is a certain rfinttaiiittinn lifiwwn p. 2<) of [1] ami p, 21 of (I) 
(coriHrning Einstcin'j opinion a<Kini ihr ilaswjt hdd h\ Minkowski af the InMiJiiir nf li-ch- 
nui(^ of /iirich). 
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FOREWORD 

To set forth in simple language the signihcaiuc ol Stelaii Haiiach s 
contributions to the highly technical field of niatheniatieal analysis is 
frankly an alnu>st impossible task. Vet his loinjjatriot Hugo Sieiiihaus 
has succeeded rather admirably in conveying to the non niarhemaiician 
the spirit ynd general nature of Uanach s uork. Suffice il to s;iy here that 
in a sense his contributions came as a climax, or at least a iiigh jjoiiu. 
in the long struggle toward greater abstraction and generalization in 
mathematics which liegan when (iauss created his hy|>ercompleN inte 
gers about ISMM. I he processes of 'arithmeti/ation of algebra" and 
*'geometri/ing arithmetic" have l>een g<>ing cui ever since in the mathe 
matician's relendess pursuit in search of "structtire!* 
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Stefan Banach,^ 1892-1943 

Hugo Sieinlmiis 

Stefan I^nach was born on March 20, 1892, in Cracow. His father, a 
clerk in the Cracow regional railways board, was called Grcczek and 
canie from Jordantiw, from a Highlander family. The history of Hanach's 
childhood years is not known in any detail: but shortly after his birth 
he was. to be brought up. given to a washerwoman whose name was 
Banachowa, and who lived in an attic in Grodzka Street (No. 70 or 71); 
he never again met his mother, so that in fact he hardly knew her. His 
father did not care for the boy either, and by the time he was fifteen 
Banach had to make his own living by giving lessons. His favourite teach- 
ing involved mathematics, which he studied on his own and even at 
secondary school, reading the French book by Tannery on the theory of 
real functions: how he acquired his knowledge of French, is not known. 

Before the First World War. he used to attend lectures under Stan- 
islaw Zaremba at the Cracow University, but never in any regular man- 
ner and then for a short time only, after which he moved to the Lw6w 
Institute of Technology. There, he passed his so-called "first examina- 
tion;* taken after the first two years of engineering studies. Upon the 
outbreak of the war in 1914. he returned to Cracow. 

On a walk along the Cracow Green Belt one summer evening in 1916. 
I overheard a conversation, or rather only a few words: but these, "the 
Lebesgue integral!* were so unexpected that I went up to the bench and 
introduced myself to the speakers ~ Stefan Banach and Otto Nikodym 
discussing mathematics. They told me they had a third member of their 
little group. Wilkosz. The three companions were linked not only by 
mathematics, but also by the ho^less plight of young people in what 
was then the fortress of Cracow — an insecure future, no opportunities 
for work and no contacts with scientists, foreign or even Polish. This 
indeed was the atmosphere in the Cracow of 1916. Still, it did not 
hamper the three friends from sitting long hours in a cafd and solving 
their problems amidst the crowd and the noise; in any case, noise was 
no obstacle to Bmach, who for some unknown reason actually preferred 
a uble close to the orchestra. 

' Paper read on September 4, I960, at the rDnfcrcntc held in War»aw on the wcaiion of the 
ISth aiinivcnary of the death of Stefan Banach. and organiwl by the Poliih Acadeniv of Scifnte* 
MattmiMtkai l(i«titule. 

Reprint. Rev. Polish Acad. Sci.. Vol V. I960. 
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HatiaihS aspiralion then was to bfcfiiiic an asNiNianl of inailicinatics 
in ihc l.wmv Ilchniia! rnivcisity. I'his was fulltllcd in lUifCJ, when 
Antoni Lnnnntki a{j{K)intcd him to the ]K)st. Hy that time Ikinach was 
author of a pa|KT on the mean convergence of stum of Fourier's partial 
series. Ir was a prol)lein I liad jwised to liim in Hi Hi, at that first meeting 
in file C'racow (irecn Hell. I had myself lor long been trying to solve it 
and it was something of a surprise to me when iianath arrived at a negn- 
live answer. This he lonununicatcd to me several days later, with the 
reservation that he did not know the example of Du fk^is Reymotid. Our 
connnon note on the subject was, after a long delay, at last presented by 
S, Zaremba t«) the Cracow Academy of Knowledge in 1918. 

On his arrival in Lwow, Hanach's situation changed radically. His 
material problems were nr)w solved. He married and started to live at 
the I'niversity house in St. Nicolas Street. In 1022, his doctor's thesis, 
"Sur Ics operaticms dans les ensembles abstraits et leur application aux 
equations integiales;* was published in Volume III of Fundamenta 
Mathematirae (pp. L1.i-181). 

This, his seveiuh paper, was the first devoted to the theory of linear 
ojKTations. In the same year he received his taenia legendi. I'he usual 
university prcHcdure was not applied to his case: he had been awarded 
a dcKtorate even though he had ne\'cr in fact graduated* and was ap- 
pointed professor immediately upon acceptance of his rrnm legemU. He 
was then thirty. There was no lack of recognition also from other cpiar- 
tcrs. In 1921. he was admitted to corresponding metnbership in the Po- 
lish Academy of Stieiues and Arts and in 1930 was awarded the prize of 
the ("ity of Lwow. which was followed in by the Cirand Prize of 

the Academy. StilK it is hard to understand today how it was that the 
Academy never offered a full membership to this child of the Cracow* 
streets. But. the Lwow mathematicians at once realized that Banach was 
destined to raise Polish mathematics to international fame. Until his 
arrival in the city, there had been no Lwow mathematical scIuk)! to speak 
f)f. since Waclaw Sierpinski had soon after the First World War returned 
to Warsaw, which he had had to leave while it still lasted, and Zygmtmt 
Janis/ewski had died soon afterwards. 

The sjieciality of the Lwow school of the {period between the wars can 
t)e best defined as the theory of operations, lianach set to work on linear 
finutionals. such as integrals. He showed that the concept of integral 
could he so extended as to embrace all functions, while at the s;nne time 
retaining the pro|)erties postulated by LelK'sgue: even though this con- 
cept is ineffective, the proof and its conduct {Fundamenta Slathemati- 
raf, 1923) give evidence of Hanach's jjower. His ma^ium opus is the 
f)<K)k o!i linear o{>erat ions. Published in 19,12 as the first volume of A/fiiir/- 
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gmfie Matetiuityrzne (Mathematical Xfotio^raphs. Waf^iiw. pp. 25 1), 
it is now known to the entire mathematical world iindtr the title 
Thimie des operations litmiircs. Its success lies in that, by way oi what 
is known as Banach spaces, one can now siolvc in a general manner nu- 
merous problcniii which before reciuircd sc{Kirate treatment and no little 
ingenuity. There had lx.en other mathematicians, great and less great, 
who had attempted before lianach to construct a theor)- of operations. 
I recall hearing the eminent Giitiingen s<holar Edmund Landau say 
about the book Opemzioni tiistrihutive by I'incherlc: "Pinchcrlc has 
written a book in which he has not proved any single theorem," and this 
was in fact the case. Hut there were m{)re jK)wcrful competitors also. 
Let us <piote from what Norbert Wiener, the creator of cybernetics, 
writes in his autobiography, / am a Mnthemnticum, published in Lon- 
don in in.fjfi. In it he mentions Frechet, who had Ixren the first to give the 
shape o\ the linear functional in sjwce /.', but who had not attempted a 
a set of {M)stulatcs which would define such a general space so as to make 
of Ir merely one of many examples. Yhh Wiener ascribes to himself. 
He relates how Frechet. whose guest he was in 1920 on the occasion of 
the Strasbourg mathematical congress, showed to him in "some Polish 
mathematical journal" an article by Hanach. Frt-chet was "quite excited" 
by the fact that Banach had arrived a lew months earlier than Wiener 
at a set of axioms for an inlinite-dimensiojial vector space, identical with 
that of Wiener's. * Thus the two pieces of work!" Wiener says. "Banach's 
and my own. came for a time to Ix? known as the theor) of Banach- 
Wiener space!* "For a short while" he continues. "I kept publishing a 
paper or two on this topic, but I gradually left the field. At present, these 
spaces are cpiite pro|H.'rly named alter Banach alone." After this confes- 
sion Wiener devotes a lew pages of his autobiography to this collision 
and explains why he 'left the field"; it seemed to him that Banach's 
theory involved "rather thin and formal work," which could not have 
been endowed with "a sufficiently imobvious btidy of theorems!' He now 
admits he was wrong, since for the 34 years, which ha%e passed since 
the Strasbourg congress. Banach's theory "has remained a popular direc- 
tion of work" and "only now is it beginning to develop its full effective- 
ness as a scientific method!' 

Banach's fame had reached the United States already in 19.H4 when 
J. D. Tamarkin had published in the Bullet iti of the Amerinin Mathe- 
matical Society (v<)l. 40. pp. l.S-16) some jjages about the ' Theorie des 
operations lincaires!' He writes: "The present Ixxjk [. . .] repn i nts a 
noteworthy climax of iong scries of researches started by \olter! j. Kred- 
holm. Hilbcrt. Hadamard. Frechet. E Ries/. and successfully continued 
by Steinhaus. Banach and their pupils!' He continues: "The theory of 
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linear operations is a fascinating field in itself but its importance is still 
more emphasi/ed by numerous beautiful applications to various prob- 
lems of analysis and function theory, . . 

One of the most gifted among Banach's young friends. Stanislaw 
IJlam. writes in the same Bnlletiu (vol. 52, July 1946, pp. 6IH)^(»3): 
**Ncws came recently that Stefan Ikinach died in EurojK' shortly after 
the end of the war. The great interest aroused in this country^ by his work 
is well known. In fact, in one of Banach's main fields of work, the theor)' 
of linear spaces of infinitely many dimensions, the American School has 
developed and continues to contribute very important results. It was a 
rather amazing coincidence of scientific intuition which focused the 
work of many mathematicians, Polish and American, on this same 
field ..." "Banach's work brought for the first time in the general case 
the success of the methods of geometrical and algebraic approach to 
problems in linear analysis— far beyond the more formal discoveries of 
V^olterra, Hadamard, and their successors. His results embrace more gen- 
eral spaces than the work of such mathematicians as Hilbert, K Ries/, 
von Neumann, Stone, and others. Many mathematicians, especially the 
younger ones of the United States, tcwk up this idea of geometrical and 
algebraic study of linear function spaces, and this work is siill going on 
vigorously and producing rather important results!' 

Surely, those judgments by prominent scientists (one of whom played 
a leading role in calculating the thr . nionuclear hydrogen reaction) will 
be sufficient as proof of lianach's achievement of a major place in the 
history of the development of a highl' important and novel field of anal- 
ysis and in pushing himself to the f efront of a group of outstanding 
mathematicians, who had earlier tested their strength in a similar direc- 
tion. 

Permit me. as a witness of Banach's work, to say that he had a clarity 
of thought which Ka/imier/ Rartel. professor of geometry and prime 
minister, once called "pisitively unpleasant!' He had never hoped for 
happy coincidences or for fond wishes to be realized, and he liked to say 
that **hopc is the mother of fools"; this contempt of foreknowledge he 
applied not only tf) mathematics, but also to political prophecies. He 
resembled Hilbert in that he attacked problems head-on. after excluding 
by means of examples all possible side roads, concentrating all his forces 
on the road that remained and which led straight to the goal. He be- 
lieved that a logical analysis of a problem, conducted rather like a chess- 
player analyses a difficult position, must lead to proving or disprovifig a 
proposition, 

Banach's importance is .iot restricted to what he achieved on his own 
in the theory of linear operations; the list of his 58 works includes papers 
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written jointly with othtr mathematicians — bi)th those working in his 
own SfH-'ciality and in others, lb this category belongs the pajxrr on the 
division of sets into congruent parts, written with Tarski (No. 1.1 in the 
list of works: FundnmenUi Mathemntime , VI. 1924. pp. 244-277). This 
is a themeTcscmbling the -Mrhool method-of proving the Pythagorean 
proposition by cutting a large square into parts, out of which two small 
5<|uares can be assembled. In three dimensions the result is unexpected: 
a sphere can be broken up into several parts in such a maimer that from 
them two spheres, each etpial in size to the original, can be reconstructed. 
For my part, I was extremely impressed by a short pajx-r of lianach's in 
Proceedings of the London Mathematical Society (vol. 21. pp. 95-97). 
The problem consists in finding an orthogonal set complete in but 
incomplete in A. lianach chooses here the function f{t) integrable (L), 
jlj{t)dt =z 1. but such that l%l)dt — defines |q},(0|as the sequence 
of all trigonometric functions jcos -u-nt, sin -nnt \ . and defines the nu- 
merical sctjuence |fj by the relation il,i{t)^„{t)dt ~ c,: if now the se- 
quence { ^,(0 j is dchncd by ^^,(0 =zr _ r„. the result will, of course, 
l^t* ^:i\t)^,{t)dt ~ U lor all n. 

When %ve now orthogonalize and ni>rmalize the sequence |^,{, we shall 
get the required se(iuence {y,(/)|. The idea of the prfxjf consists in that 
the auxiliary secjuence {q„(/)| has not the property which is demanded 
of the se({ucnce sought. 

Well known also are Banach's papers concerning the convergence of 
functionals. work on which had been connncnced by one of Hanach s 
colleagues, generalized by Hanach himself and brought to their final 
shape by S. .Saks {Fundamenta Mathemntirae, No. IX. 1927. pp. 50-61). 
Hanach was further interested in the problem of complanation. i.e., in 
a dehnition of the concept of the area of curved surfaces, and his very 
jK-rtinent definition is stiil a subject of study [in. among other places. 
Lwow. I>y Profes.sor Kovanko]. Unfortunately, nobody knows how to 
reproduce the basic lemma, which is essential for showing the agreement 
ol Banach's definition with classical ones. It must be stated with regret 
that many precious results achiescd by Banach and his schrn)! |>c-rished 
—a great loss to Polish science— in conse<iiience of the lack of nietit u- 
lousness shown by members of the school, and above all by Banach him 
self. 

Of great fn-auty also is the idea of replacing the clas.sical definition of 
the variation of the function y f{x) by one better corresjMMiding to 
Lebesgue's age. namely by the integral j"^/.(ij}drj. in which /.(?;) denotes 
the number of intersections of the curve y~ .f{x) by the straight line 
y T}-, readers may perhaps be interested to know that this formulation 
is of practical significance, since, lor instance, it allows the rapid calcu- 
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lation in **doIIar days*' of bank credits iro/en in factory stcnks in the 
shape of raw materials waiting to be processed. 

I do not intend to pursue the numerous and ini{Kmant items on the 
list of works by the creator of the Lwow sclux)! and founder of Sfudia 
Mathematica, a journal which played a not insignificant role in the 
development of that school and in the history of the theory ol linear 
operations. I prefer to come back to Banach's personality, to his direct 
influence on his milieu. Stefan Hanach became a full professor in 1927. 
but neither before that date nor after was he ever a don in the pom|Knis 
sense of the word. He was an excellent lecturer, never getting lost in 
detail and never covering the blackboard with a profusion of compli- 
cated signs. He did not care for the perfection of verbal form. All human- 
istic elegance was alien to him and all his life he retained certain features 
of the Cracow street urchin in both his l>ehavioiir and spcccii. The for- 
nnilation of thoughts in writing was always a source of some difficulty to 
him and he would compose his manuscripts on Irwse sheets of paper 
torn from a notebook. When parts of the text had to be changed, he 
would cut out the now unnecessary passages and glue the rest on to a 
clean piece of paper, on which he would then write the new version. 
Were it not for the help of his friends and assistants, his earliest works 
would V vr have reached the printers. After all, he never wrote letters 
and ne\* answered cpiestions sent to him by letter. He did not go in for 
logical s|>cculation. even though he understood such sj>eculations per- 
fectly. He was not attracted by the practical applications of mathematics, 
even though he could have certainly engaged upon them; he did, in fad, 
lecture on mechanics at the institute of lechnology. He used to say that 
mathematics can be ideiitified by a specific kind of beauty and will never 
be reduced to a rigid deductive system, since sooner or later it breaks 
out of any formal framework and creates new principles. For him. the 
value of a mathematical theory was decisive, its value per se, not the 
utilitarian one. His foreign competitors, in the theor>' of linear opera- 
tions, employed either t(H> general spaces, in which case the results 
achieved could not but be trivial or made tcM> many assumptions about 
those spaces, which narrowed down the sco|k? of applications to few and 
artificial examples. Banach's genius was expressed in his finding of the 
golden mean. 'rh*s ability to get to the heart of the matter shows Banach 
a?? a :rue mathematician. Wiener entitles his autobiography / am a Math- 
ematinan, Hanach can claim the name of a mathematician par ex- 

He was able to work at any time and at any place. Not accustcmied to 
comfort and with no need of it, his professorial salary should have really 
Ix^cn <{uite sufficient for him. But his weakness for cafe life and total 
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lack of niiddlt' class frugality and orderly approach to matters of every- 
day life loaded him with debts and liiially landed him in a very difficult 
situation indeed. Trying to disentangle himself, he sat down to writing 
text b(K)ks, It was thus that his Harhunek roziiivzkoivy i caUunvy (Differ- 
ential and Integral Calculus) in two volumes came to be written; the 
first of these was published by "Ossolineunr' (1929, pp. 294), the other 
by Ksia/nica-Atlas (19.il). pp. 248). This text-book, compactly and clearly 
presented, enjoyed and still enjoys wide jH)pularity among university 
students in their early years of study. 

Most of Banach's time and jKnvcrs were consumed in the writing; of 
secondary school text-books of arithmetic, algebra and geometry. Some 
of them he wrote jointly with Sierpiiiski and Sto/ek, others on his own. 
None of them is a copy ol an earlier schcK)! text-book. 1 hanks to his 
ex|K-riences as a private tutor. Banach was well aware of the fact that 
each definiticm, each argument and each exercise was a problem for a 
text b(K)k author who really cared ahcmt its didactic value. lb my mind. 
Banac h lacked fMilv one of the many talents necessary to an author of 
school text b<H)ks — the ability to see things in space. A fruit of the ex- 
{jerienccs gained in the course of the many lectures on mechanics de- 
livered by invitatirm at the Lwow Institute of lechnology was Mechan- 
iha tr zakresie sihol nhademirkifh (Mechanics — a l^niversity course. 
Mimogiafie Matemafxrzne H. 9). This two-volume work, first published 
in 19.S8. was reissued in 1947 and ap}>eared a few years ago also in an 
Knglish translation 

lb obtain some idea of Banach 's contribution to science as a whole, 
and to Polish science first and fort most . the names of sonic of his students 
are important. Stanislaw Ma/in' and Wladyslaw Orlicz were his direct 
disciples, and it is they who are now Poland's representatives of the theory 
oi operations, their nan:es on the cover of Sfudia Mnthemalkn beitig 
a sytnbol c)f a direct continuation of Banach's scientific progrannne. 
whic h had once lf>und a \ i\ id expression in tliis jom nal. Stanislaw 
riam. whom I have already mentioned, and who o\%ed to Kttratowski 
his mathematical initiation, has been \\\sn captured by Banach's attnu- 
tion. Banach. Ma/ur. and I'lam: this used to be the most important 
table at the Scotiish C^ih- in Lwbw. It was fhere that the meetings took 
place about which IHam wtote in Banach's obituarv that '*it was hard 
to outlast or outdrink Banach during these sessions." One such session 
lasted seventeen hours, its result beitig the prcKjf of an important the- 
orem relating to Barac h's space. Still. nobcKly noted it down and nolxKiy 
would now be able to reconstruct it: probably, after the session was over, 
the caft' charwoman as usual washed the table Iojj. co\ered with pencil 
marks. This was in fad what hapj)ened to many theorems proved by 
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Banach and his students. And so, it is greatly to the credit of Mrs. Lucja 
Banach, now buried in the Wroclaw cemetery, that she bought a thick 
notebook with hard covers and entrusted it to the headwaiter of the 
Scottish Cafe. In it, mathematical problems were now written down on 
on^ side of stttcessite pages, so that possible answers could one day be 
put in one of the free pages, next to the texts of the questions. This 
unique "Scottish Book" was placed at the disposal of every mathema- 
tician who demanded it on coining to the cafe. Some propositions were 
included in it with the promise of a prize for solution, the prizes ranging 
from a small cup of coffee to a live goose. If any reader now smiles con- 
descendingly at such methods of mathematical research, he should re- 
member that, in accordance with Hilbert's view, the formulation of a 
problem is halfway to its solution; that a published list of unsolved 
problems compels a search for tlie answers and is a perpetual challenge 
to all who want to measure their powers against their intentions: such 
a state of intellectual emergency breeds a genuinely scientific atmos^ 
phere. 

The most outstanding of those of Banach's students who fell victim to 
the uniformed and swastika-decorated murderers, was undoubtedly T J. 
Schauder, w inner of the international Metaxas prize, jointly with Leray. 
It was Schauder who first realized the importance of Banach spaces to 
the marginal problems of partial differential equations. The difficulty 
lay in the selection of proper norms: this was overcome by Schauder and 
it was thanks to this young mathematician that priority in such a classical 
theory as partial differential ec}uations had to be shared by France with 
Poland. 

A grim shadow on Banach's later years was cast by the events of the 
Second World War. In 1939-41 he served as Dean of the Mathematical 
and Natural Sciences Faculty in the Lwow University, and even became 
corresponding member of the Kiev Academy. After the German entry 
into Lw(Sw in late June, 1941, however, he had to work as a louse feeder 
in Professor WeigPs Bacteriological Institute. He spent several weeks 
in prison because persons engaged in smuggling German marks were 
found at his fiat. Before the matter was cleared up. he had succeeded in 
proving in prison a certain new theorem. 

Banach was al)ove all a mathematician. He had little interest in jmlit- 
ical matters, even though he always had a clear view of the situation in 
which he happened to find himself. Nature did not impress him at all. 
The arts, literature, the theatre were but secondary diversions, which 
could fill out. and only seldom, the short pauses from work. He did ap- 
preciate, on the other hand, a company of friends over a drink. Thus, 
the concentration of his intellectual resources in a single direction was 
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wholly unimpeded. He was not prone to delude himself, and knew full 
well that only a few people in a hundred can understand mathematics. 
He told me once: "Vou know, old chap, what I'm going to tell you? The 
humanities are more important than mathematics in the secondary 
school: mathematics is too sharp an mstrument. It's not for kids!* 

It would l)c wrong to imagine Hanach as a dreamer, apostle or ascetic. 
He was a realist, who did not resemble even physically prospective saints. 
I do not know whether there still exists today— it certainly did exist 
even 25 years ago — the ideal of a Polish scientist created on the basis 
not so much of obser\ation of real scientists as of the spiritual needs of the 
age. which were best expressed by Stefan Zeroniski. A scientist of that 
kind was supposed to work far from worldly pleasures for some in- 
definite "society;* with the ineflfectuality of his work forgiven him in ad- 
vance: it did not really matter that in other countries scientists were 
appraised not by the greatness f personal self-denial, but by the lasting 
things they had given science . he Polish intelligentsia remained even 
fjciween the two wars under .ne spell of this ideal. Hanach never sur- 
rendered to it. Healthy and strong, a realist bordering on the cynic, he 
has given to Polish science — and to Polish mathematics in particular — 
more than anyone else has given. None contributed more than he to 
eradicate the harmful view that in scientific emulation a lack of genius 
(or perhaps even a lack of talent) can be lialanccd by other virtues, which 
have the distinction of l)eing hard to define. Hanach was aware of both 
his own {{ualities and the cjualities he was creating. He emphasized his 
highlander origin and had a somewhat sujK-rior afiitude to the versa- 
tilely educated intellectual without portfolio. 

He lived to see (krmany defeated, but died stxm after in Lwow on 
August ."^l. 194.5. He was given a funeral at the Ukrainian Republic's 
ex|iense. A street in Wrcxrlaw has been named after him and his col- 
lected works will be pni>lished by the Polish .'\cademy of Sciences. 

His greatest merit was to overcome, once and for all. and completely 
to destroy the complex consisting in the Poles' feeling of inferiority in 
the sciences, a complex masked by pushing to the fore of mediocrities. 
Hanach never gave way to that complex. In his personality, the flash of 
genius was combined with sonic astounding inner imjx'rative. which 
kepi telling him. in Verlaine's words: "II n'y a tjue la gloire ardente du 
metier!' And mathematicians know well that to their metier there is the 
same mystery as to the craft of the poets. 

' Ricrnlly Wamw followci! lhi% i xaniple. 
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Mmt men of achievement arc content to have led one fruitful life. 
Alfred North Whitehead could claim three distinguished careers. For 
nearly a cjuarier of a century he was a lecturer in mathematics at Trinity 
College of Cambridge University in England. Then tame a brief inter- 
lude of slightly more than a decade during which he was. professor of 
applied mathematics at the University of London. This was followed 
by the third epoch of his life, which began at the age of 63, when in 1924, 
he became by invitation professor of philosophy at Harvard University 
ill Cambridge, Mass. In many ways this was the most brilliant period of 
his life. Of all his bixjks — some twenty or so — half of them were written 
while he was in America. 

Whitehead s chief claim to fime rests uj>on his contributions to mathe- 
matics and logic, to the philosophy of science, and to the study of meta- 
physics. The monumental three-volume work Principia Mathetnatica, 
written in 1910-1913 in collaboration with Bertrand Russell, by itself 
is enough to assure Whitehead a |x.*nnanent place in the hall of fame of 
mathematics. Its impact upon the foundations of mathematics and upon 
metamathematics is still felt today, more than half a century later. 
Among his most significant philosophical works we must include Proc- 
ess and llralitw Adventures of Ideas, and Modes of Thought. 

If it were possible to capture the spirit of this gentle, serene benign 
figure in a few words. |>erhaps the following closing sentence of a letter 
to President Conant of Harvard would serve as well as any other: 

**Durnig my life I have had the great happiness of teaching in two 
countries which have contributed so greatly to learning and to the dig- 
nity of mankind!* 
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Alfred North Whitehead 

Wiitiam W. Hammerschmidt 

One of the most interesting men of our modem intellectual world is 
Alfred North Whitehead. His interest is due not only to the range of 
his learning and speculation — the emulation of which would have re- 
duced most men to triviality — but also to the creative and imaginative 
power which he applied to his learning. So, for example, when he was 
asked to write the articles for the Encyclopedia Britannica on Non-Eu- 
clidian Geometry and the Axioms of Geometry, he was already one of 
the world's foremost mathematical logicians, and when he was over sixty 
he was asked to become Professor of Philosophy at Harvard University, 
although he had never before held an academic post outside of mathe- 
matics. Of course his creative ability can become apparent only by read- 
ing his works. 

Whitehead was bom into a mid-Victorian culture eighty-seven years 
ago. on the fifteenth of February, 1861. From early childhood he was 
closely associated with educational life. Both his father and his grand- 
father were successful schoolmasters, his grandfather having become 
head of a private school in Ramsgate on the Isle of Thanet, Kent, at the 
age of twenty-one. and his father becoming head of the same schjol at 
the age of twenty-five. And in 1880, when Whitehead was entering Cam- 
bridge, his two older brothers were in academic life, one as a tutor at 
Oxford, and the other as a schoolmaster. Not unnaturally. Whitehead's 
interest centered in the educational world also. 

His education was typically mid-Victorian, At fourteen he was sent 
to school as Sherborne in Dorsetshire. There, in surroundings rich in 
the rdics of history and tradition, he studied the normal subjects of the 
English schools- Latin, Greek, the historians (Thucydides, Herodotus. 
Xenophon. Sallust. Livy. Tacitus), some French, some science, and more 
than the usual amount of mathematics, in which already he had a strong 
interest. Whitehead says that this classical education had a direct rele- 
vance to his own limes for the English schoolboy of that age. The his- 
torians were read in the light of English politics and history and states- 
manship. The navy of Athens was comparable to the British navy, ruling 
the seas, and catching the enemy at anchor in bays or rounding capes. 
Athens was the ideal city, and the Athenian ideal of the golden mean 
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(seldom realized by her politicians and generals) entered into the 
philo«K>phy of English Htatc^manship* lb these English boys, histor)' was 
not a dead subject, but a link with a still living {last. And the past had 
left its visible mementos around and at the schix>l in Dorsetshire— as 
tvell as in Kent where Whitehead spent his boyhood— relics ot the 
Romans, the Mbrmans, and the Saxons. It was from such a background 
of study and history that Whitehead derived his later emphasis on the 
importance in education of implanting in students "a right conception 
of their relation to their inheritance from the past!* For knowledge, he 
said, is the "reminiscence by the individual of the exjierience of the race!' 

While at Trinity College. Cambridge, which he entered as a student 
in 1880. Whitehead attended lectures only in mathematics. But he also 
began to develop an interest in philosophy which was stimulated through 
nightly conversations. Platonic in methcKl. between friends, undergrad- 
uates and members of the staff. These conversations started at dinner 
and lasted imtil about ten in the evening, and were followed in his 
case by two or three hours' work in mathematics. They covered a range 
of subjects— politics, general philosophy, religion, and literature— and 
occasioned miscellaneous reading outside of mathematics. At one time. 
Whitehead says in his reminiscen'^^s, he nearly knew by heart parts of 
Kant s Critique oj Pure Reasofi. riegel. however, he was never able to 
read, l>ecause he initiated his attempts by studying some remarks of 
Hegel's on mathematics, remarks which seemed to him complete non- 
sense. 

The ''Apostles;* a club which had been formed by lennyson and 
some friends in the 1820 s. was another center of discussion. The eight 
or ten undergraduate meml>ers with older members who often attended, 
met on Saturday nights from ten until the early hours of the morning. 
Henry Sidg%vick. the philosopher, was one of the men who met and 
talked with this group, and judges, scientists, and members of Parlia- 
ment, then well known, occasionally came up from London and joined 
the discussions, lliis, Whitehead records, was a wonderful influence. 

Whitehead's coimection with Cambridge was unbroken from 1880 
until 1910 when he left to go to London. He became a fellow of Trinity 
College in 1885. and later was appnnted Lecturer, and then Senior 
Lecturer in mathematics. Two important influences on his life and 
work during those years at Cambridge might be mentioned here. One 
was his marriage in 18110. His wife, he says, had a fundamental effect 
on his understanding of life and the world. In his words "her vivid 
life has taught me that beauty, moral and aesthetic, is the aim of exist 
ence: and that kindness, love, and artistic satisfaction are among its 
modes of attainment. Logic and Science are the disclosure of relevant 
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patterns, and also pnxrure the avoidance of irreltvancies!'' The second 
influence was Ikrtrand Russell who was his student in the IHllO's. and 
later his collaborattir on the Principia Mnthemntka, their great work 
in mathematical lox;ic. 

In London Whitehead was very active in educational aHairs. He 
was Dean of the Faculty ol Science at the University of London, and a 
chainnan or meniher of several conniiittees which were concerned with 
education at various institutions. He served successively as lecturer on 
applied mathematics and mechanics and reader in geometry at the 
University College, and then as Professor of Applied Mathematics at 
the Imperial College of Science and lechnology from 1914 to 1924. 

His fourteen years in London changed Whitehead's views of the 
problems of modern education, he says, the problems introduced by 
"the seething mass of artisans seeking intellectual enlightenment, of 
young i>eople from every scxial grade craving for adecjuate knowledge!'-' 
The University of London had been recently remodeled by Lord Hal- 
dane. and was a confederation of various institutions of different types 
striving to meet this problem of mcxlern life. Whitehead remarked 
later that the success of the Cambridge melhi>d of teaching when he 
was a studeiu and lecturer there was "a happy accident dc{jendcnt on 
social circumstances wliich have passed away— fortunately. The Platonic 
education was very limited in its application to life."' Through the rest 
of his life Whitehead continued to strive against the tendency of uni 
versities to exclude themselves from the activities of the world around 
them, against dci»artmentali/ati<in. and ag-ainst the conventionalization 
of knowledge. 

While in London, in addition to his participation in the Royal Society. 
Whitehead iK-hmged to the London Aristotelian SfKriety. which, lie 
says, was a pleasaiu center of discussion, and the- papers he presented 
to the Society In-ar this out. combining physics, mathematics, and 
phihwophy in a rich mixture. His jihilosophical im}xjrtance gradually 
iticrea.sed during his later years in London, becoming so great that at 
the age of sixty-three, wlien he was ready to retire from active university 
life, he was invited to bectime a Professor of Philosophy at Harvard 
University. He accepted and held this jMjsition until J936. when he 
became Professor Emeritus. 

In Caml>ridge. Massachusetts, the Whiteheads lived in a modest 
apartment, to which his students came for coffee and conversation during 
his years as a teacher there. I hese informal talks were as nuich a part 

' .^mohiographiral Nnfc-*, fuiiii th«' l'hilQuiuh\ of .llfrn! \<nth Whilrhraii. v. i cif ilif / ih„n\ 
of l.hiing Phihsophen, \»ri(m«Mi'ni I'tiivmHv, ffM4. p. 8. 
•/Wrf.p. 12. 
'Ihid.p.fT. 
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of his influence on students and friends as were his lectures, conveying 
as they did to his listeners a sense of the exciting adventure of ideas. 
It was his belief that ideas are an adventure, and that the philosopher 
must not be a mere scholar or critic, but must be speculative and dar* 
ing. He ider^i5es life with this experience and sense of disclosure, 
and this emphasis on imaginative novelty. 

Whitehead V intellectual life, we find, divides naturally into two parts 
—his life until he w^as almost sixty, during which he was concerned 
chiefly with mathematics, though with a sustained interest in the prob- 
lems of philosophy^and his life from that time until his death a few 
months ago, during which he devoted himself almost entirely to philo- 
sophical speculation. Most of this latter period of his activity occurred 
while he lived in America, and amounted thus almost to a second life, 
in location as well as in activity and purpose. 

In the first period Whitehead's mathematical researches were inter- 
estingly varied, the most unportant probably being those in geometry 
and in the reduction of mathematics to logic. His first published book 
was A Treatise on Universal Algebra, which he began in 1891 when he 
was thirty years old. and which was published in 1898. He says of it 
*'The ic!ea<i in ii were largely founded on Hermann Gras»smann's two books, 
the Ausdrhnungslrhre of 1844. and tlie Ausdehnungslrhrr of 1862. The earlier 
of the two books h by far the most fundamental. Unfortunately when it wa<» 
puhH*ihed no one understood it: he was a century ahead of his time. Also Sir 
William Rowan Hamilton's Quaiemions of 1853. and a preliminary paper in 
1844. and Boole's Symbolic Logic of 1859, were almost equally influential on my 
thoughts. My whole subsequent work on Mathematical Ix)gic is derived from 
these sources!' {Ibidf p. 9.) 

Whitehead discovered that his projected second volume of Lhiiversal 
Algebra was practically identical with Bertrand Russell's projected 
second volume of The Principles of Mathematics (190S) and so. White- 
head says. **we coalesced to produce a joint work!' Btefore this joint 
effort resulted in the great Principia Mathematical however. Whitehead 
published two smaller tracts on The Axioms of Projective Geometry 
(1906) and The Axioms of Descriptive Geometry (1907) in the series 
The Cambridge Tracts in Mathematics and Mathematical Physics. 
Principia Mathematica then came out after eight years of work in three 
large volumes published from 1910 to 1913, and in a second edition 
from 1925 to 1927. In this tremendous work, the authors endeavored 
to show^ that all of the basic ideas and operations of arithmetic (and 
hence of all mathematics) could he derived from premises and ideas 
which are purely logical in their nature. While they did not claim that 
their premises are necessary for this undertaking, they did claim that 
they are sufficient for the purpose. Principia Mathematica was certainly 
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one of the most influential works in the development of modem sym- 
bolic logic. And with its publication Whitehead began to turn his 
attention (at least so far as his published works are concerned) more 
and more to problems of natural philosophy which arc not purely 
mathematical in their character. ^ 

The titles of some of his important papers and books published while 
he was in London show his increasing interest in philosophical prob- 
lems: La Theorie Relationniste de I'Espace An Enquiry Con- 
cerning the Principles of Natural Knowledge (1919), The Concept of 
Nature (1920), and similar titles. His concern in most of these works 
is to construct a logical and self-sufficient framework of concepts which 
would describe nature in its most general terms, and which would also 
describe space and time, or space-time, in sufficient detail, while start- 
mg from very general principles, to provide the logical basis for meas- 
urement, and hence for mathematical science. His main intention is 
to give a classificatory analysis of perceived experience, exhibiting just 
what he finds in it as a datum, excluding any consideration of a mind 
or knower. He treats nature, or experience, as a self-conuined entity 
to which considerations about the nature of mind arc irrelevant. It is 
important to specify this last point, because as his philosophical ideas 
developed, he became more and more interested in this relation of a 
percipient mind to the world of events which it perceives, and the first 
stage of his philosophical development drew to a close. 

Before proceeding to a consideration of his later philosophical works, 
it is interesting to notice the publication of his book The Principle of 
Relativity, in which Whitehead presents his own alternative to Ein- 
stein's general gravitational equations, based on his objections to a 
curved space which was not homogeneous. He felt that the structure 
of space could not depend on the distribution of masses in it, any more 
than it could depend on the color of the objects in it. He was never 
able to accept Einstein's empirical approach to the problem of the 
curvature of space, and indeed the problem of measurement in general, 
and the author has been told that Einstein is equally unable to under- 
stand Whitehead. Whitehead's basic objection seems to be that measure- 
ment of space, as contrasted with the description of the vagarious 
behavior of material bodies, presupposes a specification of properties 
of parallelism and congruence, i.e., the structure of space itself. It 
follows, he believed, that Einstein's general theory of relativity, which 
makes measurement basic, is untenable. 

It may be remarked in this connection that while Whitehead is cer- 
tainly correct in saying that there are difficulties involved in Einstein's 
procedure.* in practice they do not seem insurmountable, and the valid- 

«Ct. for <!}«mple, G. C. McVittic. Camwlagicsl Theaiy. Mrthucn. Ixmdon. p. 42. 
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ity of Whitehead's criticism can be disputed, provided the question of 
wfiether relativity deals with actual sjxice is left mooted. However, 
the brevity ot this biojjraphy dtKrs not allow further discussion of this 
{x)int here. 

Spon after Whitehead accepted a Professorship of Philosophy at 
Harvard University, the first hixik of his new and more mature philo- 
sophical thought appeared. Science and the Modern World (1926). and 
then in quick succession Religion in the Making (1926). Symbolism 
(1928). and the great Gifford Lectures, Process and Reality (1929), his 
magnum opus in the philosophical field. 

In Science and the Modern World and Religion in the Afrf A White- 
head brings the aesthetic, religious, and moral aspects of experience 
into his purview, and also increases the emphasis on the creative char- 
acter of nature. In accordance with this emphasis. Whitehead shows 
a tendency to merge the act of experience with the act of self-creation. 
And this act of self-creation, or self-realization, cannot be fully described 
without reference to its realization of value, purpose, and aesthetic 
enjoyment, these latter terms all being essentially synonymous. This 
emphasis on the creative act of self-rcali/ation, which is a realization of 
aesthetic value, cjuickly comes to dcmiinate Whitehead's philosophical 
writing, culminating in his great cosmological symphony, Process and 
Reality. The intuitions of |)oets, religious leaders, and artists now are 
fully as important to a full understanding of the cosmos as are the 
insights of scientists and mathematicians. So not only Euclid and Rie- 
maim, and Einstein and de Hroglie. biu also Wordsworth and Plato and 
Jesus and the great Hebraic prophets must be consulted if one is to 
understand the world. And one is led from a realization of the omni- 
presence of value in the world to a realization of the character of Ciod, 
who envisages and desires an ideal situation for the world, and thus 
provides a standard of value to In: reckoned with, whether or not it is 
conformed with, Thus each e|M)ch of history has its msn ideal values, 
to l>c striven for and realized as much as jKJssible. if the divine will is 
to be obeyed. Whitehead's persuasicm that there is an inunanent and 
universiil sc!'ane of values in the world Ix'comesone of the fundamental 
premises of experience in his cosmology, more finidamental than the 
hyjKithetical revelations of science. 

Although Whitehead published several b<Kiks after Process and Re- 
ality, he introduced no important changes in his dcxitrine in them, 
spending the remaining twenty years of his life in amplifying and 
commenting on the con.sec|uences of his premises. Thus his jieriod of 
creative philosophical activity falls almost entirely between the fifty- 
fifth and seventieth years of his life, being niost intensely concentrated 
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in the five years from 1923 to IU28. So in Adventures of Ideas (1933) 
and Modes ol Thought (1938) we find mainly more popular resiatenientji 
and atnplificationii of ciincepts already expressed in Process and Reality. 

It is, oi course. iinpus!iible to Rive an ade(|uatc summary ot Process 
and Reality in the space of a few pages, and difficult to convey eveii a 
sense of the dirc< tiou and purpose of the book. Whitehead caUs it an 
"essay in cosmology;' and it is that in a very large sense— not the cos- 
mology of relativistic physics, or of E. A. Milne, but a description of the 
basic factors involved in the structure and behavior of the universe, and 
in the "actual occasions" (events) that are its building blocks. His 
cosmos is a logical structure embodying his insights into the creative 
act of ex|jcriencc. the struggle for the realization of value, the nature 
of causation and jx-rception. the geometrical structure of space-time 
(and the proper order of its elucidation) and the role of God in this 
cosmos. In attempting to present this unified picture of the world, he 
finds that various special disciplines for the discovery of fact and order 
in nature are all. in themselves, incomplete. For example, he says in 
Modes of Thought (a very readable small work): 

" I hf terms 'morality; 'kjgu ; 'religion; 'art; have each of them liccn daimcd as 

exIiauMing the wliole meaning of imptirtanie Tliere are iwrspcrtives of the 

lUiiverM- to which morality is irrelevant, to uln'cli higic is irrelevant, to whirh 

religion is irrelevant, to wliic li art is irrelevant No one of tliese specializations 

exhausts the final unity of {lurfxise in the worhi:* 

VVhile regarding all disciplines as thus limited in their importance. 
Whitehead continued to the end of his writings to emphasize the central 
im|Mmance of matheinatiis. He says in his essay on MnthemaUrs and 
the Goad.*' 

".\fatfieniatics is t!ie nmst fxiuerfnl tedinic|ue for the understanding of pat- 
tern, and for the analysis of the relationshstjs of jKittcrns If civili/alion 

continues to advance, in the next two thousiind years the overwhelming novelty 
in human thought will hv the tiominante of mathematical understanding. The 
essence of this generalimi mathematits is the stuily of the most observable 
examfjies of tlie relevant {wtterns; and apjilied mathematics is the transference 
of fhi'. sftiily to other examples of the reah/atton of these patterns;' 

•Fruin A. N. WfiiJi luad: SUuir^ of Thoufilil. p. IC, (itjpMight Vm hv tin- Mannillan C.onuwnv, 
iifiil itin%\ u'iih ilH if p«-riiiiMiiinV 
• The I'liiUiuijiUy of Alfred Xorlli Whttrhntd. lor. tit. {i. t't'H. 
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In the pcricxi between the two great world wars there arose in Poland 
a group of brilliant mathematicians whose interest leaned largely, 
whough by no means exclusively, toward mathematical Iggic. Included 
in this" so<allcd Polish School of Mathematicians, among others, are 
the names of L. Chwistek (symbolic logic), J. Lukasiewicz (many-valued 
logics). S. Banach (vector spaces), L. Infeld (relativity theory), K. Kura- 
towski (topology), and VV. Sierpiifski (theory of real functions). 

One of the deepest tragedies in the history of human thought occurred 
when this group of illustrious mathematicians was all but completely 
wiped out in the Nazi onslaught during World War II in which vir- 
tually all the 3,l(M),(Mm Jews in Poland were exterminated. In Warsaw 
alone, in 1944. the Nazis killed 40,000 Jews, expelled the few remaining 
survivors, and then deliberately demolished the city. As E. T. Bell has 
said: "The great schrnil of Polish mathematicians followed the Vienna 
Circle into death or exile. What had taken twenty years to gather was 
dispersed and in part obliterated in about twenty days." 

Fortunately, some of these Polish mathematicians survived; some fled 
to America. It is the enduring faith of such people that explains the 
miraculous rebirth of the present Polisli Academy of Sciences, estab- 
lished in Warsaw in 1952, as well as the Institute of Mathematics, 
founded in Warsaw in 1948. with branches in Cracow and Wroclaw. 
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Waclaw Sierpinski-* 
Mathematician 

Matthew M. Fryde 

In 1962 scholars throughout the world celebrated the eightieth birth- 
day anniversary of Waclaw Sierpinski, one of the greatest mathemati- 
cians of our time, the head of the Warsaw School of Mathematics and 
author of numerous works of lasting value. 

Prior to the twentieth century. Poland was represented on the mathe- 
matical Olympus only by Hoene-Wronski. It is the Warsaw School of 
Mathematics under the leadership of Waclaw Sierpinski, together with 
the Lxs'dw School of Mathematics under Hugo Steinhaus and Stefan 
Banach, which secured for the Polish mathematicians a foremost place 
in modem mathematics. 

Waclaw Sierpinski %vas bom in Warsaw on March 14, 1882. His 
father, a physician, looked after his education whic^*, from the very 
beginning, was thorough and solid. The young Sierpinski attended both 
high school and university— at that time Russian— in his native city. 
His unusual mathematical talent attracted the attention of his teachers, 
and especially of G. F. Voronoy, a noted mathematician and professor 
at Warsaw University. Under his influence Sierpinski specialized in the 
Theory of Numbers, of which C. E Gauss once said that it is the Queen 
of Mathematics. The first %vorks of Sierpirfski were written in the service 
of that Queen. For one of them he was awarded by Warsaw University, 
as early as 1904, a gdld medal. Sierpinski's contributions to the Theory 
of Numbers are numerous. They consist of long series of important 
papers and monographs. In 1914 Professor Sierpinski published in 
Warsaw a treatise. Teoria liczh (Theory of Numlnjrs), reprinted with 
some changes in 1925 and thoroughly revised in 1950. An additional 
second volume was published in 1950. It contains new results obtained 
since 1950 as well as new materials. These two solid volumes, condensed 
into one, are to appear soon in an English translation. While working 
later in many other important fields of mathematics. Professor ' Sier- 

» Rqirintrd from The Polish Rtvifw. \cw Vork, VIII <I963), 1-8. 
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pitfnki never lost deep interest in the riieory of Numbers to which he 
constantly aintrihute^i by new pajK-rs and monoi^raphs. Professor Sier- 
pinski |K)ssesses a very rare gift to write not only tor accomplished 
scholars, hut also for beginners, always with the same lucidity. Some 
of his s{H-cial monographs in the field of the Theory of Numbers arc 
nuMiels of presentation, where the Mriginality and novelty of thought 
are combined with exemplary clarii Among these works the following, 
published recently, should l>e mentioned: 

Trojkaty Pitagorejskie (Pythagorean I riangles), Warsaw, I95s^. A 
transla» .i u ' Russian appeared in 1959 and an English version by 
Dr. A. SI; •.la, in 1962 ('f he Scripta Mathematita Studies, No. 9, New 
^brk, 1962); O unwiazyivaniu rmvnan w lirzhdch ailkonHtych (Solutions 
of F.(|uati<ms in Integers). Warsaw, 1956; O rozklndach liczh wymiernych 
tm ulamki proste (Partitions of Rational Numbers into Unit Fractions), 
Warsaw. 1!)57: Czym \ie zajtnuje teorin lizah (The Subject of the 1 heory 
of \innl>ers), Warsaw, 1957; Co wiemy i rzega nie n^iemy o liczhach 
ptrnvszxch (What We Know and What We Do Not Know of Prime 
Nimil>crs), Warsaw. 1961. Professor Sierpinski also completed (in col- 
lalK)ration with Dr. Jerzy Los) a textlKX)k of Hieorctical Arithmetics 
(in Polish), the second edition of which appeared in Warsaw in 1959,- 
and a texth(H)k of Higher Algebra (in Polish), v,ith a special chapter 
on the Galois I heory by Professor A. Mostowski, 2nd ed., Warsaw, 1951. 

After having finished, in 1904, his university studies, Sierpinski 
started a teaching career in a Russian high school in Warsaw, He re 
signed in coimection with a mass protest of the Poles, in particular of 
Polish intellectuals, students and si h(K)l children, against the obligatory 
use of the Russian language a^ Warsaw University and in the schools 
attended by Polish youth. lb mainfest his |XTSonal protest, Sierpitiski 
withdrew from Warsaw Unive rsity the manuscript of his work, for 
which he had been awarded the pri/c, already mentioned. 

In the fall of 1905 Sierpinski entered the jagellonian University in 
Cracow, from which he graduated, in 1906, with a Ph.D. degree. He 
returned to Warsaw, %vherc he taught in Polish high schools set up fol- 
lowing the mass boycott of the Russian schools by the Poles. He also 
joined as lecturer the newly established Polish center for higher learn 
ing. which became the nucleus of the future Free Polish Ihiiversity 
in Warsaw. In the smnujcr of 1908 he became a member of the Warsaw 
Scientific Society. 

Sierpitiski's works, published during the early period of his scholarly 
activity (1906^1910) are mostly devoted to the Theory of Numlier?^, 
Siwn, however, another highly imjKmant branch of mathematics came 
into the focus of his interest: the Theory of Sets. 
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Created by (Jcorg Cantor, this theory was for a long time grossly 
neglctltd or bluntly rejected by the older generation of mathematicians, 
and in any case was not taught at the universities. lo what extent the 
Theory of Sets was unknown in the first decade of the twentieth century 
even to highly educated matheniaticians-and young Sierpitfski was cer- 
tainly one of theni-is fully and s{jectacularly attested by the fact that 
Sierpinski, destined to play such an ini|xirtant role in the future de- 
velopment t)f the new discipline, did not know, in 1907. that it existed. 
Gradually he became innnersed in the new world of concepts and the- 
ories and his first publication (in Polish) in the field of the Theory of 
Sets ap|>eared as early as 191)8. 

In 1908 Professor j. Puzyna of the University of Lwow (which was 
a Polish university) invited Waclaw Sierpinski to join the faculty of 
rnatheinatits. Among the courses given by the young professor was. 
since 1900. the Theory of Sets. The same year a mimeographed edition 
of his lectures appeared and a textlxMik-Jw Outline of the Set Theory 
(in Poiish)~was completed and published in Warsaw, in \9]Z U intro 
dticed the new discipline ?o generations of Polish mathematicians and 
its n)le in this res|)ect can never be sufTuiently emphasized. It contrib- 
uted immensely to the sfxfctacular development of mathematics in 
Poland and became a classic . The second edition was published in 1923 
and an enlarged edition, divided into two parts, followed in 1928. the 
first part l>eing devoted to the Theory of Sets and the second to General 
Topolo^. Some sections of this wnrk apjK-ared in English as C.eneral 
Tnpolo^. Ummto. 19.11 and 2nd ed.. 1952. Certain branches of the 
Theory of Sets were treated in sfx-cial UKJUographs: Tenons sur les nom- 
hres trnnsfmh. Paris. I92H. 2nd ed.. 1950. and Cardinal and Ordinal 
Xumhers, Warsaw, 1!)58. For the .Algebra ol Sets, a monograph Algehre 
des ensemfiles was publisiied in Wars;iw. in 1951. Profes.sor Sierpiiiski 
devoted also a s|x'cial monograph to the discussion of the hypothesis 
of the continuum: flyfrnthhe du rontinu. 1st cd., Warsaw. 19.S4. 2nd 
cd.. New York. f95(>. which lielongs. as it was stressed by him. to the 
tnost difficult pnjblcms cj{ cfintemjKmny mathematics. In this mono- 
graph lie dcH-s not intend m solve the problem, his purpose being only 
to explain the consecjuences of the hyjHJthesis of the continuum. In 
\9f)2 a Cf»mprehensi\e Introduction to the Theory ol Sets and Tojwlogy, 
translated from Professor SierpiiiskiV French manuscript by Professor 
.\. Sharma. ap|>eared in India. The Polish original of this short Intro- 
diution was published in Lw<)w in 19.i0. 2nd ed.. Warsaw, 1947. Ih 
the Theory of Sets Professor Sierpinski devoted mnnerrms pa|}ers. pub- 
lished in various jjeriodicals and bulletins of academies of sciences. The 
^ complete list of these publications would recjuire a special biblio- 
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graphical essay. It is sufficient tci not: that in the bibliography tci his 
moncigraph Cardinal mid Ordinal Slumbers Profesfior Sicrpitfski refers 
to no less than seventy-one of his own publications. 

The inijK>rtanl role of the Hieory of Sets in moulding and shaping 
the whole structure of modern mathematics cannot l>e discussed in the 
present article. In view of the fact, however, of Professor Sierpiifski's 
{Kiramount role in the development of that theory, a few historical re- 
marks seem necessar) at this point. 

Ridiculed at first, the I heory of Sets Ixvame gradually the backbone 
of modern mathematics, which is now absolutely unthinkable without 
this new basis. It was rightly said by one of the authorities in this field 
that the Theory of Sets is **(me <if the greatest creations of the himian 
mind. In no other science is such lK>ld formation of concepts found, and 
only the Theory of Niunbers, iK'rhaps, contains methods of proof of 
comparable beauty" (E. Kamke, Theory of Sels, New York, 1950, p. VII), 
Under the impact of the Theory of Sets new disciplines came into being, 
while other branches of mathematical science were developed to a very 
high standard, among them lbjK)logy and the 1 heory of Functions of 
a Real Variable. As a matter of fact, every branch of mathematics was 
affected by the new discipline and some of them were revolutionized 
by it. Besides, the theoretical foimdations of mathematics became thor- 
oughly transformed and modern logic has undergone a spectacular 
growth. Professor Kazimier/ Ruratowski, one of Sierpinski's most emi- 
nent pupils, recently pointed out that, owing to the fact that the devel- 
opment of the Theory of Sets went at (irst in a purely abstract direction 
and iK'cause the methods of the new discipline were strange as compared 
to those conunonly used, it was f>nly when it became apparent how useful 
the Theory of Sets was for other branches of mathematics that the new^ 
discipline l^came accepted without reservations (Ka/.imierz Kuratowski, 
Introduction to Set Theoiy and Topology, New York, 1961, pp. 19^20). 

The great im|>ortanie of the Theory of Sets was by no means dear 
in 19U9. The fact that Wadaw Sierpinski becatnc already at that time 
a consistent and elmjuent ex|K>nent of the new discipline attests per se 
to his vision and imagination, to the grc*at power of his intellect, and 
to his deep |KMietration into the concepts and structure of the new-lK>rn 
branch of mathematics which was destined to inaugurate a new era, 

Already prior to the outbreak of the First World War, Sierpiiiski's 
reputation as an outstanding Polish mathematician was firmly estab- 
lished. In HHl and 191.S prizes were awarded to him by the Academy 
of Arts and Sciences in Cracow; in 1917 he was appointed corresponding 
memlnrr and received another prize; in H>21 Wachiw Sierpiilski l>ecanie 
an active metnber of that Academy. From liKU Professor Sierpiiiski was 
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President of the Warsaw Scientific Society, and in 1951 a medal was 
struck to commemorate twenty years of his presidency. 

In 1907 Sierpin'ski met in Warsaw Zygmunt Janiszewski. a student of 
niathcmatics at Pans University. After this outstanding mathematician 
obtamed m 1911 his Ph.D. degree from Paris University on the basis 
of a thesis, suggested by Lebesgue, in the field of Ibpology, Sierpinski 
secured for the young scholar a teaching position at the Univereity of 
Lwow. 1 hrough Janiszewski Professor SierpiHski made the acquaintance 
of another^ highly gifted young mathematician, Stefan Mazurkiewicz. 
On Sierpmski s initiative Mazurkiewicz came to Lw6w, %vhere he ob- 
tamed his Ph.D. degree on the basis of the solution of a problem in the 
Theory of Sets, proposed by Sierpitfski. The collaboration with these 
two young mathematicians, interrupted in 1914 by the outbreak of the 
First World War. played later an important role in Sierpirfski's work 
in the organizatiim of mathematical research and teaching in Poland. 

During the early period of the war, Sierpinski was forced to live in 
the Russian town of Viatka. Then he was able to move to Moscow, where 
he met the eminent Russian mathematician N. N. Lusin, a specialist 
in the field of the Theory of Functions of a Real Variable. The contact 
with Lusin was Iruitful in many respects. The Theory of Functions of 
a Real Variable, treated by French mathematicians at the end of the 
nineteenth century, was successfully developed by Sierpirfski, partly in 
close collaboration with Lusin. A series of important studies was pub- 
lished jointly by them. The details concerning Professor Sierpinski's 
role in the above menticmcd branch of mathematics (as well as in other 
fields) are to be found in a lucid article by Profes.sor F.dward Marczewski 
"O d/ialalnosci naukowej Waclawa Sierpinskiego" ( l^he Scholarly Ac- 
tivities of Waclaw Sierpinski) in the publication VlZjazd Matematyczny. 
Juhileusz -fO-leria dzinlalnosci na katedrze uniwersyteckiej profesora 
Wrtclmi a Sierpinskiego. Wnrsmwa,21.9.19-fS (The Sixth [Polish] Mathe- 
matical Congress. Fhe 40fh Anniversary of the University Teaching of 
Pmfessor Waclaw Sierpin'ski. Warsaw. September 2$, 1948). issued by 
the Jubilee Committee. Warsaw, 1949. 

In February. 191 H. Sierpinski returned from Russia to Lwow to 
resume his teaching that had been interrupted by the war. In the fall 
of the same year he received an invitation from Warsaw University, at 
that -time already Polish. There he met Janiszewski and Mazurkiewicz. 
In his article "The Warsaw 'SchcM>l of Mathematics and the Present State 
of Mathematics in Poland" (The Polish Review, Vol. IV. No. 1-2. 1959) 
Professf>r Sierpin'ski tells how the epoch-making decision to create in 
Warsiiw a special periodical, the world-famous Fundamenta Mathemati- 
cae. was soon reached by him and his two younger friends: 
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In 19!9, ihret of us met as the first professors of mathematics in the reborn 
PoH^i University at Warsaw, There we decided to found a periodica! dedicated 
to the theory of set»», to}x)Iog>« the theory of function of a real variable and mathe- 
matical logic, which would publiiih studiesi in French, Englisii, German, and 
ItaHan. It was thus that Fundamenta Matht*matintr was born. 

The first copy of the new periodical appeared in 1920. Soon Funda- 
menta Mathematicne became the leading journal in the branches of 
mathematics to which it was dedicated. Among many eminent foreign 
contributors the names of Borel, Lebesgue, Hausdorff, Lusih, Denjoy, 
Alexandroff can be mentioned. The thirty-two volumes of Fundamenta 
Mathrmatciae, published during the period 1920-1939, contain 972 
studies contributed by 216 authors, among them sixty-two by Polish 
mathematicians. Waclaw Sierpinski himself published there 201 studies, 
of u^hich fifteen jointly with other mathematicians. As a matter of fact, 
the modern history of the Theory of Sets and of the Theory of Functions 
of a Real Variable arc to a great extent embodied in the volumes of 
Fundamenta Mathematicne, Vhe unusual specialization and concentra- 
tion, well planned since the very beginniiig, determined the spectacular 
success of Fundamenta Mathematicae, The new periodical, being the 
center of a mighty gravitational field which attracted specialists from all 
over the world, became at the same time the organ of a new school: the 
Warsaw School of Mathematics. 

Janiszewski died before the first volume oi Fundamenta Mathematicae 
was published, thus Sierpiifski and Mazurkiewicz were the editors. When 
the latter died in 1945, Ruratowski took his place as co-editor Funda- 
menta Mathematicae is still the center of mathematical research with 
Professor Sierpinski as its honorary editor. 

It is impossible to describe, within the compass of the present short 
article, all the studies published by Professor Sierpinski— their number 
exceeds 700 It is equally impossible to give an adetjuate picture of his 
tremendous activity as the great organizer of mathematical research and 
learning in Poland. Yet it is imperative to stress ihvt this great creative 
mathematician is also a great and successful teacher. Showing a strong 
aversion to any form of splendid isolation, sometimes characteristic of 
great men of science. Professor Sierpiriski is not only immersed in his 
own research, but he lives in a kind of Mdeal space," created by him, 
together with his younger colleagues, former pupils and students. In 
spite of strenuous brain work, constantly performed and apparently 
absorbing him entirely, Sierpinski always finds time for anybody seeking 
his guidance, help or encouragement. This strongly marked trait of his 
character should never 1h? forgotten when otie attempts to evaluate the 
success and glory of the Warsaw SchcK)! of Mathematics. No wonder 
that around Sierpinski a circle of men of great talent was formed. 
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Among the noted mathematicians (or logicians) belonging to that School 
the following should be mentioned: Aronszajn. Borsuk. Eilenberg, 
Knaster; Kuratowski, Marczewski, Mostowski, Splawa-Neyman, Saks, 
Tarski. Walfisz. Zygmund and others. Sierpinski's pupils became teach- 
ers, and their pupils and pupils' pupils all continue the great tradition 
of scholarship. 

In May. 1939, the University of Paris awarded Waclaw Sierpinski 
a doctor's degree honoris causa, and November 9, 1939 was the date fixed 
for the official ceremony. The outbreak of the war made Sierpinski's 
journey to Paris impossible, yet the University conferred the honorary 
degree in absentia. The formal presentation took place in 1960. 

The inhuman ruthkss oppression of the Polish population by the 
German authorities during the Second World War paralyzed normal 
scholarly activities in Poland. Professor Sierpinski, however, who was 
employed nominally in the book-keeping department of the City Hall 
m Warsaw, managed even under these circumstances to continue his 
creative work. Some results obtained were smuggled out to Rome and 
appeared in Acta Pontiftciae Academiae Scientiarum. In his apartment 
mathematics was clandestinely taught and twice a month Professor and 
Mrs. Sierpinski entertained small groups of friends. The Warsaw insur- 
rection of 1944 and the following barbarous destruction of the city by 
the Germans put an end to all efforts of this courageous and indefati- 
gable man. Part of the building, where Sierpiilski's apartment was 
located, escaped destruction, yet in October 1944, a special German 
destruction squad— the BrandktJmmando—m the remaining part of that 
building on fire. A valuable library, containing not only a rich collection 
of books but also many manuscripts and documents, perished in flames. 
Among the documents destroyed were letters of famous mathematicians 
such as Cantor. Vitali. Vivanti, Lebesgue, Schoenfliess, Zermelo, and 
many others. Sierpinski and his wife were deported by the Germans 
to a locality in the neighborhood of Raclawice, where they remained 
until February. 1945. From there Sierpinski, then a man of over sixty, 
walked almost forty miles to Cracow, to start teaching. In the fall of 
tfie same year he returned to Warsaw-at that time in ruins-and with 
his indomitable energy started again to write and to teach. 

On the occasion of Professor Sierpiifski's jubilee, in 1948, many in- 
stitutions and eminent scholars sent their congratulations. Some excerpts 
of these messages are quoted below. 

The American Mathematical Society wrote; 

. . .The tremendous urcjgrcss made by the Polish Schcwl of Xfatluinatics in the 
prnod immethately following the First World War was, in large measure, inspired 
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by Professor Sierpiilski. By his own rcseartli and by ihc inspiration of the brilliant 
students, he brought Poitsli Mathematics to the very forefront in our science 

In the message of the London Mathematical Society we read: 

. . . British mathematicians, in common with their colleagues throughout the 
world, have long admired your outstanding conirtbutions to mathematics, contri- 
butions which have advanced and enriched our subject and which will occupy - 
prmanent place in the literature. In particular, your work on the continuum 
hypothesis, general topology , and set theory, will long be a source of inspiration to 
mathematicians of alt countries. . . . 

The French Academy of Sciences in Paris declared: 

. , . Vos rccherches sur la thikirie des ensembles et celle des fonctions de variables 
r^clles, votre action sur la brillante Ecole de mathdmaticiens qui s'est form^ en 
Pologne, sous votre inrpulsion, de 1919 k 19S9, la haute quality du recueil des 
Fundamcnta Mathematicae fond^ et dirig^ par vous, vous ont donn£ une place 
^minente parmi les math^maticiens de notre tempi. . . . 

Professor Sierpinski is doctor honoris causa of many famous univer- 
sities, among them of Paris, Lw6w, Amsterdam, Bordeaux, and Prague, 
member of various learned societies and academies of ^ienres, among 
them the Polish Academy of Science. Since 1947 he has been a foreig;n 
member of the Academia Na^ionale dei Lincei in Rome. In June 1948 
he was elected a corresponding member of rinslilul de France and since 
December I960 as Associe Etranger of the same Ijody. Sierpit^ski is also 
honorary member of numerous mathematical societies. It would rcni Te 
many pages to give a full list of the honors and awards bestowed upon 
this great scholar. 

In 1962 the American Mathematical Society invited Professor Sier- 
piifski to give a series of lectures in various American universities. He 
accepted this invitation and with ahnost youthful vigor traveled through- 
out the United States. Back in his native Warsaw, Professor Sierpirfski 
continues his work, only to be interrupted from time to time by visits 
to foreign universities and participation i\\ congresses of mathematicians. 
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FOREWORD 



One of the most brilliant mathematicians of the firet half of the 
twentieth century, John von Neumann is noted for outstanding achieve, 
ments m several more or Ic&s unrelated areas: quantum mechanics, 
game theory, electronic computers. logic, and functional analysis. 

In the first area he showed that Schrodingcr's wave mechanics and 
Heisenbcrgs matrix mechanics were mathematically equivalent In the 
case of game theory, he virtually created the branch of mathematics 
known today as decision-making, strategy and the theory of games. Von 
Neumann was equally at home in pure mathematics and applied mathe- 
matics. He made significant contributions to the design and construc- 
tion of early electronic computer such as were used in producinjr the 
H-!x>mb. 

The article that follows illuminates both the man and his work. 
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Scientific Work 
of J. von Neumann 

Herman H. Goldstine 
and 

Eugene P. Wigner 



.rl^^Z *n P^?*'"' specialization, few people have ever 

contributed significantly to several branches of scienceVand all of them 
have a permanent record in the annab of the history of science. Tohn 
yon Neumann made fundamental contributions to mathematics, Jhys- 
1C5 and economics Furthermore, his contributions are not disioincd 

vlll*^£f '^"'^'■^ f^^ ^^^^ ^""^ ^ '^onimon p<iint of 

view Mathematics was always closest to his heart, and it is the Kience 
to which he contributed most fundamentally. 
John von Neumann was bom in Budapest on 28 December 1903 

.^^1 Q9« *f .1" ^""^ : ^"^ B"^P«t' receiving his doctor's degree 

1 ; P • ^'^^"S f Pnvatdozent in Berlin and Hambuig. he was 
mvited to Princeton University in 1930. Following S years Siere. he 
became professor of mathematics at the Institute for Advanced Study. 

f^^i n^"^ a'^ ^- ^^^^ ^^f^- 1" 1955 he was appointed 

to the U.S Atomic Energy Commission and served brilliantly in this 
post until his death on 8 February 1957. ^ 

rr.Iu'' mathematical work of von Neumann concerns 

f A -Tf *J?^ l°S»c. in which he was a forerunner of the epochal work 
of Godel. His accomplishments can be summarized under twoheadines- 
axiomatics of set theory and Hilbert's proof theory. In both of these 
subjects he obtained results of cardinal importance. 

Von Neumann was the first to set up an axiomatic system of set theory 
satisfying the following two conditions: (i) it allows the development of 
the theory of the whole scries of cardinal numbct^; (ii) its axioms are 
finite in number and expressible in the lower calculus of functions. 
Moreover, in deriving the theorems on sets from his axioms, he gave 
the fiwt satisfactory formulation and derivation of definition by trans- 
finitc induction Von Neumann's work on this subject already showed 

rlL^^Ho«"«f '5.^ ^ •'^.r "'y^ ^^^J^- ^ontaiied a full 

clarification of the significance of the axioms with rcgaid to the elimina- 
tion of the paradoxes. He fint showed how the paradoxes are related to 
the theory of types and then proved that a set exists (this implies that 
It does not lead to contradictions) if. and only if. the multitude of its 
e emcnts is not of the same cardinality as the multitude of all things He 
also demonstrated that this proposition implies the axiom of choice" 
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With regard to Hilbert's proof theory, von Neumann clarified the 
concept of a formal system to a considerable extent. His articles contain 
the first unobjectionable proof for the fundamental theory that the 
classical calculus of prcp(»itions and cjuantifiers as applied to comput- 
able functions and prcdicati^s is consistent. 

The work of von Neumann which will be remembered longest con- 
cerns the theory of the Hilbcrt sj:»ace and of operators in that space. His 
papers on this subject can be divided into three groups: (i) the proper- 
ties and structure of Hilbert spaci's as such; (ii) studies of linear opera- 
tors involving in essence only a single operator: (iii) studies of whole 
algebras of operators. 

Von Neumann gave the first axiomatic treatment of Hilbert space 
and described the relation of Hilbert spaces to all other Banach spaces. 
A good exposition of his point of view on linear spaces is given in his 
book on functional operators. 

In a remarkable paper, von Neumann gave the complete theor>' of ex- 
tensions of Hermitian operators H on Hilbert space to maximal and self- 
adjoint operators, by means of the Cayley transform (H-^il) (//— 17) '. By 
the same transform, he established the spectral theorem for self-adjoint 
operators: that is, he constructed a set of projection operators E{K) with 
the property that H (where H = H*) admits a spectral resolution 
(///, g) = j\d{E{\)U g)- He derived a similar theorem for normal opera- 
tors. The spectral theorem has enormous importance in applications, 
and %'on Neumann's work has been of great influence. 

Partly in collaboration with Murray, von Neumann founded the 
theory of weakly clmed, self-adjoint algebras ("rings") of bounded linear 
operators. They first studied "factors"--that is, rings generalizing simple 
algebras— and developed a "direct sum" theory for rings of opcraton. 
The effect of von Neumann's work here is enonnous. A whole school 
has grown up in the past decade devoted to a study of operator rings 
and their abstract analogs. 

In pursuing his researches on rings of operators he was led to intro- 
duce the notion of a dimension function into ring theory and found 
thereby "geometries without points!' He developed this theory into his 
important continuous geometry, which was the subject of his I9S7 col- 
lo(|uium lectures to the American Mathematical Society. 

The inHucnce of von Neumann's interest in groups can be detected 
in all phases of his work on operators. In particular, the direct sum 
theory has many applications in the theory of unitary representations 
of non-Abelian noncompact groups, as is shown in the work of Mackey, 
Godemont, Mautner. Segal, and Gel'fand and his school. Von Neu- 
mann's work on unbounded operators has heavily colored analysis in 
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the past 25 years. It seems safe to predict that his work on operator rings 
will color it even more strongly during the next 25. 

His contribution to the theory of groups did not stop here. He was 
the first to show that every subgroup of a matrix group is a Lie group. 
This result is fundamental to the present techniques for analyzing lo- 
cally compact groups. He also showed that every compact group can be 
approximated by Lie groups, and as a consequence that every compact 
locally Euclidean group is a Lie group. His work on almost periodic 
functions on groups won for him the Bocher prize. 

His elegant pnxif of the ergodic theorem stands as one of his impor- 
tant results. Its ramifications have had a profound influence on the study 
of dynaftiiqal systems. 

Vcm Neumann was one of the founders of the theory of games. In spite 
of the iiearly .iC) years that have passed since von Neumann's first paper 
was written on this subject, and in spite of the intensive development 
of the theory in these SO years, there is very little in his first paper that 
would lie revised today. It is. as are many of his early papers, strongly 
under the influence of the axiomatic thinking and gives a formal system 
which permits a complete description of all the intricacies of a game, 
with play and counterplay. chance and deception. The paper contains 
a rig«>rf»us definition for the concepts of pure strategy (a complete plan, 
fonnulated prior to the contest, making all necessary^ decisions in ad- 
vance) and of mixed strategy (the use of a chance device to pick the 
strategy for each contest). Although similar concepts were used before 
(by Zermelo and by Ilorel). no one had used them before with the same 
incisiveness as von Neumann did when he established the "minimax 
theorem" f<»r zero sum iwo-fxrrson games. Thh theorem, which proved 
valuable for yon Neumami's studies in economics, also gave the key 
to the analysis of games with more than two players, permitting the 
formation of alliances and camps between the players. 

The Ixxjk. The Theory nj Cnme.s and Eamomic Behavior, by him 
and Mfirgenstern. has affected decisively the entire subject of operations 
research. Indeed, it may well be said that the present-day importance 
of the subject results frofn the influence of this monumental work. 

The preceding three subjects are the ones which come to mind at 
once when writing alxjut von Neumann's contributions to mathematics. 
Ho%vever. they are surely not the only fields which have profited from 
his fertile imagination. He has made significant contributions literally 
to every branch of niathenjatics, with the exception of topology and 
number theory. His knowledge of mathematics was almost encyclopedic 
—again excepting the afwe mentioned two fields-and he gave help and 
advice on many subjects to collaborators and casual visitors, possibly to 



55 



a greater extent than any other present-day mathematician. 

It would be very difficult to tell which of von Neumann's contribu- 
tions to theoretical physics was the more important: the direc or the 
indirect ones. Four of his direct contributions are known to all physi- 
cists. His recognition that vectors in Hilbert space are the proper mathe- 
matiGiI concept to describe the states of physical systems in quantum 
mechanics is unique in the sense that no other person would have 
realized this fact for many years. Closely related to this observation is 
his description of quantum mechanics itself. The sketch of his ideas 
in this connection, presented in chapter VI of his Mathematische 
Grundlagen der Quantenmechanik, still constitutes inspiring reading. 
Von Neumann's third main contribution is the application of the con- 
cept of the mixture of quantum mechanical states— which he invented 
independently of Landau— to problems of thermodynamics and statis- 
tical mechanics. The considerations on irreversibility, in both classical 
and quantum physics, were his fourth major contribution. These con- 
tributions, ana some others of a more specialized nature, would have 
secured him a distinguished position in present-day theoretical physics 
quite independently of his indirect contributions. 

Von Neumann developed several mathematical concepts and theorems - 
which became important for the theoretical physicist; he probably de- 
veloped them with these applications in mind. In fact, it often seems 
to the theoretical physicist that the best of von Neumann's mathematical 
work was motivated by its projected usefulness in some applied science. 
From the point of view of the theoretical physicist, his two most impor- 
tant mathematical contributions were the theory of nonbounded self- 
adjoint or normal operators in Hilbert space and the decomposition of 
representations of noncompact groups, carried out in collaboration with 
Mautner (both of these are described in the preceding section). Many 
of von Neumann's colleagues think that his late work, centered around 
the development of fast computing machines, was also motivated by his 
desire to give a helping hand to his colleagues in mathematics' sister 
sciences. 

No appraisal of von Neumann's contributions to theoretical physics 
would be complete without a mention of the guidance and help which 
he so freely gave to his friends and acquaintances, both contemporary 
and younger than himself. There are well-known theoretical physicists 
who belie\'e that they have learned more from von Neumann in per- 
sonal conversations than from any of their colleagues. They value whEt 
they have learned from him in the way of mathematical theorems, but 
they value even more highly what they have learned from him in meth- 
ods of thinking and ways of mathematical argument. 
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Von Neumann's contributions to economics were based on his theory 
of games and also on his model of an expanding economy. TTie theory 
of games has relevance in many fields ouuide of economics; it answers 
a desire first voiced by Leibnitz but not before fulfilled. It has been 
stated (by Copeland of Michigan) that his theory may be "one of the 
major scientific contributions of the first half of the 20th century." The 
theory rests on von Neumann's minimax theorem, whose significance 
and depth are only gradually becoming clear. The theory gives a new 
foundation to economics and bases economic theory on much weaker, 
far less restrictive assumptions than was the case thus far. The current 
analogy between economics and mechanics has been replaced by a new 
one with games of strategy. Entirely new mathematical tools were in- 
vented by von Neumann to cope with the new conceptual situations 
found. This work has given rise to the publication by many authors of 
several books and several hundred articles. His study of an expanding 
economy is the first proof that an economic system with a uniform rate 
of expansion can exist and that the rate of expansion would have to 
coual the rate of interest. This study has deeply influenced many other 
scholars and will unquestionably l^ome even more significant now 
that problems of growth are being so widely investigated by economists. 

TTie principal interest of von Neumann in his later years was in the 
possibilities and theory of the computing machine. He contributed to 
the development of computing machines in three ways. First of all. he 
recognized the importance of computing machines for mathematics, 
physics, economics, and many problems of industrial and military na- 
ture.- Second, he translated his realization of the significance of comput- 
ing machines into active sponsorshio of a computer— called JOHNIAC 
by his affectionate collaborators— wnich served as a model for several 
of the most important computers in the United States. Third, he was 
one of the authors of a scries of papers which gave a theory of the logical 
organization and functioning of a computer which reminds one of the 
axiomatic formulation of mathematics, a subject to which he devoted so 
much of his early youth. In these papers is also formulated a quite com- 
plete theory of coding and programming for machines. Here is the com- 
plete notion of flow-diagrams and the genesis of all modem program- 
ming techniques. In one of these papers is given the criteria and 
desiderata for modern electronic computing machines. 
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